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Abstract

We introduce some equivalence relations on graphs and posets and prove that
they are closed under the cartesian product operation. These relations concern the
edge-isoperimetric problem on graphs and the shadow minimization problems on
posets. For a long time these problems have been considered quite independently.
We present close connections between them. In particular we show that a number
of known results concerning the edge-isoperimetric problem for concrete families of
graphs are direct consequences of the Macauleyness of appropriate posets.
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1 Introduction

Let G = (Vg, Eg) be a graph. We consider the following general problem:
given a function F : 2Y¢ +— IR and a number m (1 < m < |Vgl), find an m-
element subset A C Vi with maximum (or minimum) value of F(A) among
all the m-element subsets of V. Such subsets are called optimal.

Similar problems arise in a number of practical situations. We say that optimal
subsets satisfy the nested solutions property (NS) if there exists a total order
O on the set Vi such that for any ¢t = 1,...,|Vg|, the collection of the first ¢
vertices in this order is an optimal subset. In this case we call the order O the
optimal order.

We concentrate on the graphs representable as cartesian products. Given two
graphs Gy = (Vg,, Fg,) and Gy = (Vig,, Eg,), their cartesian product Gy x G
is defined as a graph with the vertex set Vi, X Vi, and the edge set

{((z,y), (u,v)) | z =u and (y,v) € Eg,, or (z,u) € Eg, and y = v}.
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Now let (PM), Cpy) and (P?), Cpe) be posets. We define the cartesian prod-
uct of these posets as a poset with the element set P x P®?) and with the
partial order C defined as follows: (x1,11) Cx (22,¥2) iff 1 Cpa) x9 and
Y1 Cp) Y. Since the cartesian product is an associative operation, the prod-
ucts of more than two graphs or posets are well defined.

A lot of extremal problems for the cartesian product of graphs and posets have
been considered in the literature. Practically in all cases solutions of these
problems satisfy the NS property. One of the main questions we investigate in
this paper is how the NS property of the optimal subsets in graphs (or posets)
can be used to construct optimal subsets in cartesian products of these graphs
(resp. posets). In Section 2 we introduce three extremal problems we deal with
in the paper.

Section 3 is devoted to an equivalence relation on graphs. We apply this rela-
tion to the edge-isoperimetric problem (shortly EIP) and derive a solution of
this problem for the cartesian products of arbitrary trees.

In the next two sections we introduce an equivalence relation on posets. Thus,
in Section 4 we consider the problem of constructing maximum weight ideals
in posets (the MWI problem), and present relations between this problem and
the EIP problem in graphs.

Section 5 deals with the shadow minimization problem on posets. We introduce
Macaulay posets and show their applicability to the MWI problem and, thus,
to the EIP on related graphs.

In Section 6 we present some examples where our approach works well and
conclude the paper with final remarks in Section 7.

2 Three extremal problems
2.1 FEdge Isoperimetric Problem on graphs (EIP)

Let G = (Vg, Eg) be a graph and A C V. Denote

Eo(A) = |{(v,w) € E(G) | v,w € A},
Ea(m) = max Ea(4),

5g(m) = E(;(m) - Ec;<m - 1), 5@(1) = 0.

The EIP problem can be formulated as follows: for a given m, 1 < m < |Vg],
find a subset A* C Vi such that |A*| = m and Eg(A*) = Eg(m).



The EIP is considered, for example, for the n-cube [10], for the cartesian
product of complete graphs [16] and for the cartesian product of chains [7]
(see also [1]). In all these cases the optimal subsets are nested both for the
original graphs and their cartesian products. For more information concerning
the EIP and its applications readers are referred to the survey [5].

2.2 Mazimum Weight Ideals in posets (MWI)

Let (P, Cp) be a finite poset. The poset (P, Cp) is called ranked if there exists
a function rp : P +— IN such that mingep rp(z) = 0 and rp(x) + 1 = rp(y)
whenever x Cp y and there is no z with x Cp 2z Cp y. We call the numbers
rp(x) and rp = max,ep rp(x) the rank of x and P respectively. The set

P, ={x e P|rp(x)=1i}

is called the " level of P. It can be shown that the cartesian product of
ranked posets is a ranked poset too.

A subset I C P is called ideal if the conditions x € I and y C x imply y € I.
Let wp : P — IR be a weight function. The weight function wp is called
rank-symmetric if wp(z) = wp(y) whenever rp(z) = rp(y). In this case we
shall represent wp as a tuple (wo,ws, ..., wy(py) With w; being the weight of
elements of P,.

Let I C P be an ideal. Denote

Wp(I) =) wp(z), (1)

zel

Wp(m)=max Wp(I),

[I|=m

5p(m) :Wp<m) - Wp(m — 1), 5})(1) = 0,

with the maximum running over the ideals of P. Consider the MWI problem:
for a fixed m, 1 < m < |P|, find an ideal I* C P such that |I*| = m and
Wp(I*) = Wp(m).

A lot of results concerning the MWI problem for various posets and weight
functions can be found in [2,3,6,8,9]. In general, the MWI problem with a rank-
symmetric weight function is very close to the shadow minimization problem
(SMP) that we consider in the next subsection. Solution of the MWI problem
is known for posets where the optimal subsets with respect to the SMP satisfy
the NS property.



2.3  The Shadow Minimization Problem (SMP)

Let (P,Cp) be a ranked poset. For a subset A C P; and ¢ > 0 define the
shadow of A as

AA)={ze€P_,|zCpy forsome yec A}

We set A(A) = 0 for any A C Py. The shadow minimization problem (SMP):
for fixed i > 0 and m, 1 < m < |P], find a subset A C P; such that |A| =m
and |A(A)| < |A(B)| for any B C P, with |B| = m.

A classical result in this area is the well-known theorem proved by Kruskal
[13] and Katona [12] for the n-cube. Clements and Lindstréom [8] extended this
result to the lattice of multisets (i.e. the cartesian product of chains), and in
[3,14,15] the SMP problem is solved for the cartesian product of stars. In all
mentioned cases the optimal subsets satisfy the NS property. A short survey
on the SMP and a lot of its applications can be found in [9].

3 An equivalence in the EIP

For some graphs Gj,...,G, suppose that the optimal subsets with respect
to the EIP satisfy the NS property. For ¢« = 1,...,n we assume that Vg, =
{1,...,|Vs|}, and for any m = 1,...,|Vg,| assume that the set {1,...,m} is
optimal.

Let G = G; X --- X G, and consider the EIP for G. Fix some 7, 1 <17 < n,
and denote

G =G x -+ xGi_1 x Gipg x - x Gy,
Now for v = (v1,...,Vi_1,Vit1, - -, V) € Gi denote by G;(v) the subgraph of
G induced by the vertex set {(wy,...,w,) € Vi | w; = v, j # i}. Obviously,
each subgraph G;(v) is isomorphic to G;.

Let A C Vi and denote A;(v) = AN Vg, ). Let Ci(A;(v)) be the optimal
subset of Vg, () that is isomorphic to {1,...,|A;]} € Vg,. Consider the set
C;(A) = U, Ai(v) with the union running over all v € V..

We claim E¢(C;(A)) > Eg(A). Indeed,

Ec(A) <Y Eew(|Ai(v)]) + 3 max{]Ai(u)], [Ai(v)[}

(u,v)

with the sums running over v € V1 and (u,v) € Eg1 respectively. It can be
easily shown that for the set C;(A) this inequality is strict. Hence, applying



the operations C; for i = 1,..., n sufficiently many times results in an optimal
set A* such that C;(A*) = A* for i = 1,...,n. We call such a set compressed.

Taking into account Eg,({1,...,m}) =Y}, 0¢, (k) for i =1,...,n, it can be
easily shown that for the compressed set A* one has

Ec(A)= > dc,(v). (2)

Now consider the poset (@, <) with Q = Vg, x --- x Vg, and the partial
order <, defined as follows: (z1,...,z,) € @ is smaller than (y;,...,y,) € Q
in order <, iff z; <y; fori =1,...,n. Obviously, (Q, <) is isomorphic to a
lattice of multisets.

Since the set Vi and () are the same, the partial order <, on ) provides a
bijection between the compressed subsets of Vi and the ideals of (). Denote
by Io(A*) the ideal of () that corresponds to the compressed set A* C V. We
assign a weight with an element (vy,...,v,) € @ given by

n

wo(vr,...,vn) = bc,(v;) (3)

i=1

It follows from (1) - (3) that
Ea(A”) = Wq(Ig(AY)).
Thus, we have the following lemma:

Lemma 1 Let Gy,...,G, be graphs and for each G; suppose that the optimal
subsets with respect to the EIP satisfy the NS property. Then for the EIP on
the graph G1 x --- x G, and the MWI problem on the poset (Q, <) with the
weight function (3) it holds

Eg x..xg,(m) = WQ(m) (4)

for any m > 1.

Let G and H be graphs with |Viz| = |Vy| and let the optimal subsets of Vg
and Vg with respect to the EIP satisfy the NS property. We say that G and
H are E-equivalent, if Eq(m) = Eg(m) form =1,...,|Vg|. Lemma 1 implies
the following result:

Theorem 2 Let {G;,H;}, i = 1,...,n, be a set of pairwise E-equivalent
graphs. Then
EGIX"'XG'IL (m) = EH1><~~-><H" (m)



Fig. 1. Example of E-equivalent graphs

for any m > 1. Moreover, the optimal subsets of G1 X --- X G, satisfy the NS
property iff it is so for Hy x -+ x H,.

For example, consider the graphs shown in Fig. 1a and Fig. 1b. The optimal
subsets in these graphs satisfy the NS property. The corresponding optimal
orders are shown in the figure. By using these orders it can be easily shown
that the graphs are E-equivalent. Hence, by Theorem 2, a solution for the
EIP for the cartesian products of chains [1,7] (and, thus, for grids in Fig. 1a)
implies a solution for the EIP for the cartesian products of graphs in Fig. 1b.

Therefore, in order to solve the EIP on cartesian products of graphs, it is
sufficient solve this problem for the products of simplest graphs from the
corresponding equivalence classes. As an application of this principle let us
consider the EIP for trees with p vertices. It is obvious that any such a tree is
FE-equivalent to the chain with p vertices. Thus, we have the following result:

Corollary 3 Let T; be a tree with p; vertices (i = 1,...,n). Then the optimal
subsets with respect to the EIP for G =Ty x --- x T}, satisfy the NS property.
Moreover, Eq(m) = Eg(m) for any m > 1, with ) being the cartesian product
of n chains with py, ..., p, vertices respectively.

As an example, consider the cartesian product of two chains Z with 4 vertices
each. The optimal orders on Vz and V.7 (cf. [1,7]) are shown in Fig. 2a and
Fig. 2c respectively. Now consider the tree 7" shown in Fig. 2d and its optimal
order, that induces a labeling of T' x T' (cf. Fig. 2e). Taking the vertices of
T x T in the same order as the corresponding vertices of Z x Z (see Fig. 2¢)
results in an optimal order for T" x T shown in Fig. 2f.

4 From the EIP on graphs to the MWI in posets

In this section we show that the EIP for a given graph is equivalent to the
MWTI problem for some related poset with a rank-symmetric weight function.
We start with an equivalence principle for the MWI problem.
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Fig. 2. The EIP for products of trees

Let (P%,Cpw), @ = 1,...,n, be ranked posets with weight functions wp.
For each poset (P®, C 5u)) suppose that the optimal ideals with respect to the
MWTI problem satisfy the NS property. Furthermore, let P®) = {1,...,|P@|},
i=1,...,n,and for any p=1,...,|P®¥| assume that the set {1,...,p} is an

optimal ideal.

Denote P = PM x ... x P™ and consider the MWI problem on P with the
weight function being defined as

wp(vy, ..., 0,) :anwP(i)(Ui). (5)

Let us again introduce the poset (@, <) with Q = P and the partial order
<4 as in Section 3, and assign a weight with each element (vy,...,v,) € @
given by

wo(vi, ..., Uy) = iépm (v3). (6)

Lemma 4 Let (P, Cpw) (i =1,...,n) be posets and for each of then sup-
pose that the optimal ideals with respect to the MWI problem satisfy the NS
property. Then for the MWI problems on the posets (P1) x --- x P C.)



Fig. 3. Example of W-equivalent posets
and (Q, <) with the weight functions (5) and (6) respectively it holds

Wp) x.xpimy (M) = Wo(m) (7)

for any m > 1.

Proof. We just sketch the proof because it is quite similar to the proof of
Lemma 1. Denote P = P x ... x P™ and let

PP = P . x PU-1) 5 pth) 5o PO

Now for v = (vy, ..., Vi1, Vig1,...,0p) € Pf) consider the subposet of (P, Cy)
with the element set P (v) = {(w1,...,w,) € P | w; = v;, j # i} and the
induced partial order. Obviously, such a subposet is isomorphic to P®. For
an ideal I C P denote I (v) = I N P9 (v).

Now fix i and replace for each v € P\” the set I®)(v) with the set which

is isomorphic to {1,...,|I¥(v)|} € PY. This transforms the ideal I into
some ideal I’ C P with Wp(I') > Wp(I). After a finite number of such
transformations for ¢ = 1,...,n one gets a compressed ideal [*. Similarly to

the proof of Lemma 1 there exists a bijection between compressed ideals in
P and ideals in (). Thus, the ideal I* € P corresponds to some ideal I € Q.

Moreover, (5) and (6) imply Wp(I*) = Wg(I), and the lemma follows. O

Let (P,Cp) and (R, Cg) be posets with |P| = |R|, and let the optimal ideals
in each of them satisfy the NS property. We say that (P, Cp) and (R, Cg) are
W -equivalent, if Wp(m) = Wgr(m) form =1,...,|P].

For example, the posets shown in Fig. 3a and 3b are W-equivalent. The num-
bers in circles represent the weights and the non circled numbers represent the
optimal orders.

Lemma 4 implies the following theorem:



Theorem 5 Let {(PY, Cpw), (RY, Crw)},i=1,...,n, be a set of pairwise
W -equivalent posets. Then

Wea) s po (M) = Wra) ... gy (M)

for any m > 1, with the weight function for the cartesian product being defined
according to (5). Moreover, the optimal ideals of P x ... x P™ satisfy the
NS property iff it is so for RV x - x R™.

It follows from Fig. 3 that in some cases the MWI problem on a poset with
a rather complicated weight function is equivalent to same problem on some
W-equivalent poset with a rank-symmetric weight function. It is important,
because the presently known techniques to solve the MWI problem is appli-
cable to posets with rank-symmetric weight functions only (cf. Section 5).

As we have seen in Section 3, the EIP problem for products of even simple
graphs, such as a chain, leads to the MWI problem for a lattice of multisets
with a non rank-symmetric weight function in general. Now we present a way
for direct replacing the EIP problem on a graph with the MWI problem for
some appropriate poset with a rank-symmetric weight function.

Let G be a graph and let the optimal subsets of Vi; with respect to the EIP
satisfy the NS property. We say that a graph G is represented by a ranked
poset (P, Cp) with |P| = |Vg| if the optimal ideals of P with respect to the
MWTI problem and the weight function

wp(v) =rp(v), veEP, (8)

satisfy the NS property, and

dg(m) =dp(m), m=1,... Vgl 9)

For example, the Petersen graph (see Fig. 4a) is represented by the poset shown
in Fig. 4b (without dotted lines) with the rank-symmetric weight function
shown in the circles in Fig. 4b.

Theorem 6 Let G; (i =1,...,n) be graphs and for each i suppose that G; is
represented by a poset (P, Cpw)). Then for the poset (P, Cy) = (PW x - .. x
P™ C.) with the weight function (8) it holds

EG1 ><---><Gn(m) = WP(1)><---><P(”)<m> <1O>

for any m > 1. Moreover, the optimal subsets in Gy X --- X Gy, satisfy the NS
property iff it is so for the optimal ideals of P.



@

@®

©
1 5 1
a b.

Fig. 4. The Petersen graph and its representing poset

Proof. Let v = (vy,...,v,) € P. It follows from (8) that wpw (v) = rpw (v)
for i =1,...,n. Since rp(v) = X1, rpw (v;) and since wp(v) = S0 wWpe (v;)
(cf. (5)), then rp(v) = wp(v).

By Lemmas 1 and 4 the EIP for G; x- - - x G, and the MWI problem for (P, Cy)
are equivalent to the MWI problems for the poset (Q, <) with the weight
functions wg, and w) being defined according to (3) and (6) respectively. Now
(9) implies dg,(m) = dpw(m) for any m and i = 1,...,n. Hence, wg = wp)
and (10) follows from (4) and (7). O

Theorem 7 Let G be a graph and let the optimal subsets of Vi with respect
to EIP satisfy the NS property. Then G is represented by some ranked poset.

Proof. We use induction on |Vg|. For |Vi| = 1 the representing poset is
trivial.

For |V > 1 let Vo = {1,...,|Vg|} and for each p = 1,...,|Vs| assume
that the subsets {1,...,p} C Vi are optimal. Note that for p < |Vg| these
subset are also optimal for the subgraph G’ which is induced by the vertex
set {1,...,|Vg| — 1}. Construct the representing poset (P’,Cps) for G’ by
induction. Now extend P’ by adding a new element v at level dg(|Vg|) and
extend the partial order Cp/ by setting v to be greater than any element of
P’ at level d¢(|Vi|) — 1. This procedure results in a poset (P, Cp).

The correctness of this construction is provided by the following simple facts:
dg(i) < dg(i — 1)+ 1 for i = 1,...,|Vg| and, thus, for any integer x with
1 < 2z < max;dg(j) there exists an i with dg(i) = . Moreover, since G is
connected, then rp(v) > 1. Therefore, the poset (P, Cp) is ranked.

In order to complete the proof it suffices to show that the optimal ideals of
P satisfy the NS property and that the element v is the largest one in some

10



Fig. 5. A poset that represents no graph

optimal order on P. For this consider an ideal I C P. Assuming |I| < |P|, we
prove that there exists an ideal I’ C P" with Wp(I') > Wp(I).

Indeed, if I Z P’ then v € I. Denote I” = I \ {v}. Then I” C P’ is an ideal.
Note that

{x e P'|rp(zx) <rp(v)} CI" (11)

Obviously, I” can be extended to an ideal I’ C P’ by adding to it some element
u € P'\ I". Now (11) implies rp(u) > rp(v). Therefore, (P, Cp) represents G
and we have the theorem. O

The representing poset for the Petersen graph (cf. Fig. 4a), which is con-
structed by this method, differs from the one shown in Fig. 4b in the dotted
lines. This example shows that, although the element set of the representing
poset and the rank of each element are defined uniquely by G, the partial
order is not uniquely defined in general.

It is interesting that not any poset represents some graph. Consider, for ex-
ample, the poset shown in Fig. 5 together with an optimal order. If the cor-
responding graph G exists, then 0¢(i) for ¢ = 1,...,5 have to be 0,1,1,2,3
respectively. Hence, the subgraph of G induced by the first four vertices is a
4-cycle and the fifth vertex has degree 3. However, such a graph necessarily
contains a 3-cycle. Thus, the three first values of d(7) should be 0,1, 2.

Therefore, the EIP in graphs is equivalent to the MWI problem for an appro-
priate poset and the last problem is in a sense more general. However, there
is a powerful approach to solve the MWI problem, which we consider in the
next section.

11



5 Macaulay posets and MWI problem

Let (P Cp) be a ranked poset and let < be a total order on P. For z € P,
denote

Fi(z)={x € P |z = z}.
The poset (P, Cp) is called Macaulay, if there exists a total order < (called
Macaulay order) that satisfies the following properties:

N; (nestedness) : For any z € |P;|, and any ¢ > 0 it holds |A(F;(2))| < |A(A)|
for any A C P, with |A| = |Fi(2)];
Ny (continuity) : For ¢ > 0 it holds A(F;(2)) = Fi_1(2’) for some 2z’ € P,_;.

Examples of Macaulay posets include the n-cube (cf. the Kruskal-Katona the-
orem [12,13]) and the cartesian product of chains (cf. the Clements-Lindstrom
theorem [8]). For more information on Macaulay posets readers are referred
to [9].

Let (P,Cp) be a Macaulay poset with a rank-symmetric weight function w;
such that

wo S wy < .. S Wepy-
We call such a function monotone. Let A C P and denote A; = AN P; for
i=0,...,7(P).

We construct a new total order O* on the set P as follows. Set the first element
of P in order O* to be the first element of F in the Macaulay order <. Assume
that [ > 1 elements of P have been ordered and denote by A the collection of
them. Consider the set B = {a € P\ A | A(a) C A}. Note that B # 0 for
any | < |P|, since A(a) = ) for any a € Fy. Let C' C B be the elements of B
of maximal rank, and let ¢ € C' be the smallest element of C' in the Macaulay
order <. We set the element ¢ to be the (I + 1) element in order O*. Denote
by O*(1) the initial segment of length [ of the order O*. It is easily shown that
O*(1) is an ideal for any = 0,...,|P]|.

Theorem 8 ([3,4,9]). Let (P,Cp) be a Macaulay poset with some monotone
weight function. Then Wp(I) < Wp(O*(|1|)) for any ideal I C P.

Since the weight function that satisfies (8) is monotone and rank-symmetric,
then Theorem 8, applied to a Macaulay poset P, implies that the optimal ideals
with respect to the MWI problem satisfy the NS property. If P represents some
graph G, then (by Theorem 6) the optimal subsets of V; with respect to EIP
problem also satisfy the NS property and, thus, can be constructed by using
the Macaulay order on P.

In the following section we demonstrate how this approach can be applied to
some important graph families.

12
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Fig. 6. A chain and a star poset

6 Some applications

6.1 Grids and the star posets

Consider the EIP for the k£ x - - - X k grid, i.e. the cartesian product of n chains
P, (i=1,...,n) with k vertices each (cf. Fig. 6a).

Each P, is represented by the star poset shown in Fig. 5b. Therefore, by
Theorems 8 and 6 the solution of the EIP for the grid (see [1,7]) follows from
the solution of the SMP problem for the cartesian product of n star posets
3,14,15].

6.2 The Hamming graphs and grid posets

Consider the EIP for a Hamming graph, i.e. the cartesian product of n com-
plete graphs with ki,...,k, vertices respectively. We denote this graph by
H(ky, ..., k). If ky > -+ >k, > 2 then the lexicographic order is an optimal
order [16]. The lexicographic order on the set of vectors with integral entries
is defined as follows: (ay,...,a,) is greater than (by,...,b,) iff there exist an
¢ > 1 such that a; = b; for 5 =1,...,%—1 and a; > b;.

Obviously, the complete graph with k; vertices is represented by the chain
poset shown in Fig. 6a. The SMP for the poset represented by the cartesian
product of chains has been considered in [8]. The Clements-Lindstrom theo-
rem implies that the lexicographic order is the Macaulay order for this poset.
Moreover, the lexicographic order provides optimal ideals with respect to MWI
problem on this poset [8]. Therefore, by Theorems 8 and 6 the solution of the
SMP for H(ki,...,k,) follows from the Clements-Lindstrém theorem and it
is not surprising that the lexicographic order works well for both problems.

13
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Fig. 7. A Hamming graph and a torus poset
6.3 The Hamming graphs and torus posets

Let Cy; be a cycle with 2k vertices. We consider Cy;, as a ranked poset with
one maximal and one minimal element (cf. Fig. 7b). The solution of the SMP
for the cartesian product of n cycles follows from [11]. Since graph H (2, k) (cf.
Fig. 7a) is represented by poset Cyy, Theorems 8 and 6 provide a solution for
the EIP on the Hamming graphs of the form H(ky,..., k,) X H(2,...,2).

n

7 Concluding remarks

Since the MWI problem provides a tool to solve the EIP, it is reasonable to
study this problem separately, but not only as a consequence of the SMP. It
is particularly interesting to understand which properties have to be claimed
from the optimal ideals with respect to the MWI problem on a poset (P, Cp)
in order to deduce a solution for the SMP for this poset. The only known to
us research in this direction is [6], where it is shown that the SMP for the
cartesian product of chains is a direct consequence of the MWI problem on
this poset, and, thus, both problems for this particular poset are essentially
equivalent.

Evidently, the SMP and the MWI problems are closely related but, however,
are nonequivalent. Consider, for example, the graph G shown in Fig. 8a. It
can be shown that the lexicographic order is optimal with respect to the EIP
on G x G. Graph G is represented by the poset P shown in Fig. 8b. Theorem
6 implies that optimal ideals with respect to the MWI problem for the poset
P x P satisfy the NS property. However, the poset P x P is not Macaulay.

Macaulay posets have many applications in combinatorics (cf. [9]). That is
why the problem of constructing Macaulay posets is very important. It is also
important to find new Macaulay posets representable as cartesian products.
For example, what about the cartesian products of posets shown in Fig. 4b?

14
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Fig. 8. A not Macaulay poset for which the MWI problem has nested solutions

We presented a number of examples of graphs where the lexicographic order
provides nestedness in the EIP for the cartesian products of these graphs. It
would be interesting to have a characterization of such graphs.
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