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Abstract

In this paper we introduce a new order on the set of n-dimensional tuples and prove
that this order preserves nestedness in the edge isoperimetric problem for the graph P",
defined as the n'" cartesian power of the well-known Petersen graph. The cutwidth and
wirelength of P™ are also derived. These results are then generalized for the cartesian
product of P™ and the m-dimensional binary hypercube.

1 Introduction

Various families of regular graphs have been studied for important practical applications in
computer science. For example, they appear naturally as the interconnection topology (such
as grids, tori, hypercube, de Bruijn graphs) for multiprocessor architectures and also in the
context of communication networks design. The symmetries provided by various notions of
regularity simplify algorithms for different network related problems, such as message routing
and information exchange among node-pairs.

From the theoretical point of view, the regular graphs also play a significant role in edge
1soperimetric problems, among others, which is the subject of investigation in this paper. Mostly
two versions of the edge isoperimetric problems have been considered in the literature.

Problem 1: find a subset of vertices of a given graph, such that the edge cut separating this
subset from its complement has minimal size among all subsets of the same cardinality.

Problem 2: find a subset of vertices of a given graph, such that the number of edges in
the subgraph induced by this subset is maximal among all induced subgraphs with the same
number of vertices.

Clearly, if a subset of vertices is optimal with respect to Problem 1, then its complement is also
an optimal set. However, it is not true for Problem 2 in general, although this is indeed the
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case if the graph is regular. Moreover, for regular graphs the above two problems are equivalent
in the sense that a solution for one also becomes a solution for the other.

In this paper, we focus our attention to Problem 2. Let G = (V, Eg) be a graph and A C V4.
Denote

Ig(A) = {(u,v) € Eg | u,v e A}
Io(t) = lrg'aglfc(fl)l-

Thus, for a given t, where t = 1,...,|Vg|, we consider the problem of finding a subset A of
vertices of G such that |A| =t and |[Ig(A)| = I(t). Such subsets are called optimal. We say
that optimal subsets are nested if there exists a total order O on the set Vi such that for any
t =1,...,|Vg|, the collection of the first ¢ vertices in this order is an optimal subset. In this
case we call the order O an optimal order.

Let us now concentrate on the graphs representable as cartesian products. Given two graphs
G = (Vg, Eg) and H = (Vi, Eg), their cartesian product is defined as a graph G' x H with the
vertex-set Vo X Vg and the edge-set

{((z,y), (u,v)) | x =u and (y,v) € Ey or (z,u) € Eg and y = v}.

A graph G" = G x G x --- x G is called the n'* cartesian power of G. Examples of product
graphs include hypercubes, grids and tori.

Consider the edge isoperimetric problems for the cartesian powers G™ of a regular graph G.
Such problems have been well studied for cliques, i.e., G = K. Representing the vertices of G"
as n-dimensional tuples, the results of Harper [11] and Lindsey [12] imply that the lexicographic
order is an optimal order. Here by the lexicographic order we mean the following: we say that
an n-tuple (z1,...,z,) is lexicographically greater than (y,...,y,) iff there exists an index i
such that z; = y; for 1 < j <4 and z; > y;.

These old classical results can be extended to various directions. For instance, taking a path
instead of a clique leads to a grid. In this case, Problems 1 and 2 above are essentially different.
The first problem does not have nested solutions, while the second one does [1] (see also [7]).
It is further shown in [3] that the results of [1, 7] can be extended to the products of arbitrary
trees and the function /(¢) depends just on ¢ and the number of vertices in the trees, but not of
the shape of the trees in the product. The order, G, providing the nestedness in Problem 2 in
this case is much more complicated with respect to the lexicographic order. For the definition
of the order G and further details, readers are referred to [1, 4, 7].

To summarize, the order G and the lexicographic order are the only known orders, which provide
nestedness for products of some graphs in the edge isoperimetric problems. However, as shown
in [4] the order G works for products of trees only. Therefore, two natural questions arise: (i)
for products of which other graphs is the lexicographic order optimal with respect to the edge
isoperimetric problems; and (ii) which other optimal orders can one expect?

In [5], Bezrukov and Elésser considered the cartesian powers of k-regular graphs with an even
number of vertices 2p such that & > 3p/2. They have shown that for the n'* power of any such

2



graph, the size of the edge cut separating a set from its complement is at least as large as that
for the corresponding power of the graph Hl’f obtained as follows: consider a clique Ky, and split
its vertices into two disjoint cliques K, and K of order p each. Now construct the bipartite
subgraph of K, formed by the vertex sets of K, and K] as the independent sets and remove
from it some p — k — 1 perfect matchings. Although the resulting graphs are non-isomorphic in
general, they all (as well as their cartesian powers) have the same function I(-) [5]. Considering
one of these graphs as H”, it turns out that for & > 3p/2, the edge isoperimetric problem
for cartesian powers of HE has nested solutions provided by the lexicographic order. Similar
results can be derived for powers of complete bipartite graphs with deleted perfect matchings.
It is interesting to note that violating the condition k& > 3p/2 leads to the absence of nested
solutions. Bezrukov and Elésser [5] also studied the powers of complete p-partite graphs and
showed that the lexicographic order is still the optimal order. Thus, this extends a result of
Ahlswede and Cai [2] concerning the powers of complete bipartite graphs.

It is worth mentioning that the lexicographic order yields the so-called local-global principle
discovered by Ahlswede and Cai [2]. Following the main result of [2], if the lexicographic order
is optimal for G? then so is for G™ for any n > 3. The main difficulty in applying this powerful
theorem is to establish that the lexicographic order is optimal for the second power of considered
graphs. For this no general methods are known yet. See [4] for the local-global principles for
some other orders.

In all of the preceding results, the degree of the underlying regular graph is relatively large
which is intuitively necessary for the lexicographic order to work. Now the question is what
happens if the powers of regular graphs have smaller degree. For instance, considering the
regular graphs of degree 1, we get the hypercubes for which the lexicographic order is still
optimal. For powers of regular graphs of degree 2, e.g. a torus, there is no nested solutions in
general [10]. Tori are well studied and some isoperimetric inequalities are known for them [6],
which are sharp enough for most practical applications.

The next step is to consider the powers of regular graphs of degree 3, for which a huge collection
of non-isomorphic graphs exist. However, to the best of our knowledge, none of them (excluding
the 3-dimensional cube) has been studied with respect to the edge isoperimetric problems. This
motivates our work.

We concentrate on the cartesian powers P" of the Petersen graph P, which is a regular graph
of degree 3 and diameter 2 as shown in Fig. 1a). Note that P is a vertex-symmetric as well as
an edge-symmetric graph. The graphs P", known as folded Petersen networks, were proposed
and extensively studied by Ohring and Das [13, 14, 15, 16, 9] as a communication-efficient
interconnection network topology for multiprocessors. By definition, P" is also regular, vertex-
and edge-symmetric with 10™ vertices, degree 3n and diameter 2n. Interestingly, the size of a
minimum cut separating P™ into two equal parts is known exactly [4]. This fact also stimulates
the cut problem having two parts of different cardinalities. It is an important property of a
graph from the viewpoint of its minimum layout area in VLSI.

In this paper we answer several questions raised above. More precisely, we introduce a new order
P™ on the set of n-dimensional tuples (which we call the Petersen order) and show that this
order provides nestedness in the edge isoperimetric problem for P", the powers of the Petersen



graph. This result allows us to compute exactly the cutwidth and wirelength of P, which are
respectively defined as the maximum and the mean value of the minimum cut separating the
graph into two parts. We extend these results to the product graph P = P" x Q™ where Q™
is the m-dimensional hypercube. The graphs P, called the folded Petersen cubes, have been
first studied by Ohring and Das [16, 17]. Tt is interesting that in this case a lexicographic-type
order is optimal.

The paper is organized as follows. In the next section we introduce the Petersen order, P",
on the vertex set of the graph P™. Section 3 shows that for t = 1,...,10", the set F"(t)
represented by the initial segment of the order P" of length ¢ is an optimal subset. Section 4 is
devoted to computing the cutwidth and the wirelength of P™. Section 5 presents the extensions
of these results to the graphs P.

2 The Petersen Order P" and its Properties

The order P! is shown in Fig. 1a) and it is an easy exercise to convince that it is optimal for
the Petersen graph, P.

18 19 29 48 49 68 69 79 98 99
16 17 28 46 47 66 67 78 96 97
14 15 27 44 45 64 65 77 94 95
12 13 26 42 43 62 63 76 92 93
11 25 40 41 60 61 75 90 91
9 24 38 39 58 59 74 88 89
7 23 36 37 56 57 73 86 87
5 22 34 35 54 55 72 84 85
3
1
1

21 32 33 52 53 71 82 83
20 30 31 50 51 70 80 81
23456789
a. b.

O H N W R OO N 0 ©
—
jan)}

.
Ny
~

Figure 1: (a) The order P!; (b) the order P?

Now, by induction on n, we define the total order P™ on the vertex set of P™ for n > 2. For
this purpose let us first define the successor for any vector (ai,...,a,) € Vpn in the order P"

as follows. Denoting (a, ..., a,) = succ(asy, ..., a,) in the order P!, we define

»'n

(a1 + 1,a9,...,a,), if a1 €{0,3,5,8}
) (e —1,dh,....a)), if a3 €{1,4,6,9} & (ag,...,a,) #(9,...,9)
suce(an, ) =3 0 T Ty i g € {2.7) & (ag, - an) £ (9, 0)
(

a1 +1,0,...,0), if a; €{1,2,4,6,7} & (az,...,a,) = (9,...,9).

The order P? is illustrated in Fig. 1b). The vertices of the graph P2 = P x P are represented
as the entries of a 10 x 10 matrix {a;;}, where 7,5 =0, ..., 9. We assume in this figure that the
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entry ag is in the bottom left corner of the matrix. Furthermore, we assume that the elements
o0, .-, @9 o of the bottom row and the elements agy, ..., ag9 of the leftmost column represent
the vertices of the multiplicands of the product (i.e., vertices of P) taken in the order P!. The
value of the matrix element a;; is the number of the corresponding vertex of the graph P? in
the order P2, as shown in Fig. 1b). With the help of a computer we have verified that the set
F2(t), which is represented by the initial segment of the order P? of length ¢, is optimal for
any t in the range 1 <t < 100.

Using induction on n it is easy to show that starting with the vector (0,...,0) and following
the successors, one can reach any other vector (ai,...,a,) € Vpn. This idea is schematically
depicted in Fig. 2 (cf. Fig. 1 for n = 2), in which the ovals represent the vectors of the form
(i,as,...,a,) ordered bottom-up in the order P"~! (here i is shown under the ovals). Thus,
the Petersen order P" is well defined.

AR [ AR (A (@) (A
R\*{\K\AR\A{\R\"-
e o |\ T L
R».\{\:,\x\:,\&%\:\\%
o) U e e U )
o 1 2 3 4 5 6 7 8 9

Figure 2: The structure of the order P"

For a,b € Vp» we write a > b if the vertex a is greater than b in the order P". By analyzing

the inductive definition of the order P™, the following property, called consistency in [8], can
be verified.

Lemma 1 Let a = (ay,...,a,), b = (by,...,b,), and a; = b; for some i. Furthermore, let
vectors a and b be obtained from a and b respectively by omitting their it" entries. Then a > b

iﬁé>B.
For ACVpn,i=1,...,n,and j =0,...,9 let us denote

P'(j) = {(&,.-,%) € Ven [ & =3}
Ai(j) = ANPj).

We say that A is i-compressed if for any j = 0,...,9 the subset A;(j) is an initial segment
of the set P"(j) in the order P"~'. We call the set A compressed if A is i-compressed for
1 =1,...,n. Standard arguments provide that there is no loss of generality in assuming that
an optimal set A is compressed. We used the compression to verify the 2-dimensional solution
of our problem with the help of a computer. Larry Harper noted that in this case there are
(fg) = 352, 716 compressed sets. The complete choice of such a size is doable by computer but

without compression there are 2!%° ~ 1.3 x 103° possibilities, a prohibitively large number.



3 Proof of the Main Result

Let a = (ay,...,a,) be the largest vertex of the subset A C Vpn in the order P™ and let
b = (by,...,b,) be the smallest vertex of the complement Vp» \ A in this order. If A # F"(¢)
then a > b. Since A is compressed, then so are the sets A\ a and (A \ a)Ub.

For a graph G and i = 1,...,|Vg], let us denote 65 (i) = Ig(i) — I(i—1) and assume 65 (0) = 0.
By analyzing Fig. 1la) the entries of the following table can be easily verified for the Petersen
graph P.
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Table 1: The values of Ip(i) and dp(7)

Lemma 2 With the above notations one has

n

[Zpn(A)] = [pr((A\ @) Ub)| = > (0p(bi) = dp(ai)).

i=1

The lemma follows from the observation [2, 4] that for a compressed set A it holds:

Tp(A) = Y Yl

Now we are ready to prove the main result.

Theorem 1 For anyn > 1 and t, t = 1,...,10", the set F"(t) is optimal, where F"(t) is
represented by the initial segment of the order P™ of length t.

Proof: We prove the theorem by induction on n. The case n = 1 is trivial and the case n = 2
follows from the mentioned results based on a computer search. Therefore, let us proceed with
n > 3.

From the definition of the order P" it can be concluded that if a > b, then one of the following
five (disjoint) cases occurs:

a. a; — 1> by;
b. a; — 1= b1 and bl c {1,2,4,6,7},

c. ag —1="0by, by €{0,3,5,8} and (ag,...,a,) > (ba, ..., by);



d.

e.

a; = by and (ag,...,a,) > (ba,...,by);

a1+ 1="0by, by 6{1,4,6,9} and (ag,...,an) > (bQ,...,bn>.

Let A be an optimal compressed set. Following the cases above we show that in many of them
the condition a € A implies b € A due to the compression. The general strategy to show this is
to find a vertex c satisfying a > ¢ > b such that the vectors a, c and ¢, b have an equal entry.

If such a vector ¢ does exist then, using Lemma 1, the condition a € A implies ¢ € A which
in turn implies b € A because of the compression. On the other hand, if such a vector ¢ does
not exist, using Lemma 2, we show that replacing the vertex a with b yields a set B satisfying
|Ipn(B)| > |Ipn(A)|. Clearly, after a finite number of such replacements one can transform A

into F"(|A]).

In the following we rigorously consider each one of the above five cases.

Case a. Assume a; — 1 > by.

al. Assume a; — by > 4. Then b € A. Indeed, taking into account that b; < 5 and using the

a?.

as.

definition of the order P" and Lemma 1, we get

a:(al,...,an) Z (b1+4,(12,...,0,n) > (b1+2,a2,b3,...,bn) > (bl,bg,...,bn):b.

Note that any two consecutive vectors in this chain have an equal entry. Therefore, since
a € A, and since A is compressed then all the mentioned vectors are in A according to

Lemma 1.

A similar approach will be used in analysis of all the remaining cases. We will just
provide chains of appropriate vectors of P™ ordered in decreasing order P™. From now

on we assume that a; — by € {2,3}.

Assume a; > 1 for some i where 2 < i <n — 1. Then (a;, a;11,...,a,) > (1,041, ..

On the other hand, a; > by + 1 implies (aq,...,a;-1,1) > (b1,...,b;). Thus
a= (al,...,ai,...,an) > (al,...,ai,l,l,biﬂ,...,bn) > (bl,...,bn) = b.

This implies b € A since A is compressed.

Assume b; < 8 for some ¢ with 2 < i < n — 1. Then (9,b;11,...,b,) > (b;,...
>

Similarly to case a2, it holds (ay,...,a;) > (b1,ba,...,b;-1,9). Hence,
a= (al,...,ai,...,an) > (bl,...7bi,1,9,ai+1,...,an) > (bl,...,bn) = b.

Thus, b € A since A is compressed.

. Assume a; < 1and b; > 8 for 2 <i<n—1. If a, > b,, then (cf. Lemma 1)

a:(ala'-wanfl;an) > (alv"'aanfbbn) > (blaabn):b

Hence, b € A since A is compressed.

, bn).

, bn).



If a,, < by, then replacing a with b we obtain a set B such that (cf. Lemma 2)

[Ipn(B)| — [Ipn(A)] = (0p(b1) — dp(ar)) + 2(513(5@') —dp(ai)) + (0p(bn) — dp(an))
> n—4,

because (5p<b1) — 513(&1) Z —1 for a; — bl € {2,3}, 5P(b2) - (513((11') 2 513(8) - (Sp(l) =1
for 2 <i < n—1, and, finally, 0p(b,) — dp(a,) > —1, since b, > a, and equality takes
place for b, =5, a,, = 4 only.

ab. It remains to consider only the case n = 3, a = (ay,a9,4), b = (b1, b, 5) where a; — by €
{2,3}, as < 1 and by > 8. Now if ag = 0 or by =9, then dp(by) — 0p(az) > 2 and for the
set B constructed in case a4 one has |Ipn(B)| — |Ipn(A)| > 0.

Thus, we can assume that a = (aq,1,4) and b = (b1,8,5). Let us denote

X = {(a,2,2")|0<2' <1, 0< 2" <4},
Vo= {luy,y") 92y 28, 92y" 25}

Note that |X| = |Y] =10, X C A (since a € A) and YN A = () (since b ¢ A). Now
consider a set B = (A\ X)UY. It is easy to show that the set B is compressed. Taking
into account that dp(by) — dp(a;) > —1,

[pn(B) = Ipn (A = 3 (Gp()+op(W")— 3 (0p(2) +0p(a"))

(a17y/7y”)€Y (bl,wl,IN)GX

Case b. Assume a; — 1 =b; and by € {1,2,4,6,7}.

The analysis of this case is quite similar to cases a2-a4. The only difference is that now
we can guarantee 0p(by) — dp(a;) > 0. Thus, for the set B constructed in case a4, it holds
|Ipn(B)| — [Ipn(A)| > n—3 > 0.

Case c. Assume a; — 1 = by and by € {0, 3,5,8}. In this case (ag,...,a,) > (ba,...,b,).
Lemma 1 implies
a=(a,as,...,a,) > (ar,be,...,b,) > (by,ba,...,b,) =Db.

Hence, b € A which is a contradiction.
Case d. Assume a; = by. In this case b € A since A is 1-compressed.
Case e. Assume a; + 1 = by and by € {1,4,6,9}. Denoting (co,...,c,) = succ(by, ..., by,), we
have (ay, ¢, ..., c,) € A.

el. Assume by € {0,3,5,8}. Then succ(bs,...,b,) = (ba + 1,b3,...,b,). Since (ay,by + 1) >

(a1 + 1,b9), we get
a=(a,...,a,) > (a;,bo+ 1,b3,...,b,) > (a1 + 1,b2,b3,...,b,) =b.

Therefore, b € A, a contradiction.



el.

e3.

Assume by € {2,7}. If (bs,...,b,) # (9,...,9), then let (ds,...,d,) = succ(bs,...,by,).
One has succ(bs,...,b,) = (be,ds,...,d,). Since (ai,ds,...,d,) > (a1 + 1,b3,...,b,),

using Lemma 1 we write
a= (al,...,an) > (al,bQ,dg,...,dn) > (a1+1,b2,bg,...,bn) = b.
This implies b € A.

Assume (b3, ...,b,) = (9,...,9). Then succ(by,...,b,) = (bp +1,0,...,0) € A. First
assume that (ag,...,a,) > succ(succ(by,...,b,)) = (by +2,0,...,0). Then (ay, by +
2,0,...,0) € Asince A is 1-compressed. Thus

a> (&1,b2+2,0...,0) > (a1+1,bg+1,0,...,0) > (G1+1,bg,9,...,9) = b.

This implies b € A. If (ag,...,a,) = succ(bs,...,b,) = (by + 1,0...,0), then a =
(by — 1,694+ 1,0,...,0) and b = (by,b9,9,...,9). Replacing a with b yields a set B such
that

Tu(B)| = [Tpn(A)] = (p(br) + 6p(b2) + (1 — 2) - 5p(9)) — (5p(by — 1) + 5p(by + 1))
= (0p(b1) = 6p(by — 1)) + (0p(b2) — p(ba + 1)) + 3(n — 2)
= 3(n—2)+1,

since 5p(b1)—5p(b1—1) =1 for b1 S {1,4,6,9} and (Sp(bg) —(Sp(bg—i—l) =0 for b2 c {2, 7}

Assume by € {1,4,6,9} and (bs,...,b,) = (9,...,9). Now by # 9 since (ay,...,a,) >
(by,...,b,). Then succ(bs,...,b,) = (ba + 1,0,...,0). First assume (ag,...,a,) >
(€9,...,€,) = succ(succ(by, . ..,b,)). Lemma 1 and the fact that A is 1-compressed imply
(ay,€9,...,6e,) € A.

Now if by € {1,6} then (eq,...,e,) = (ba +1,0,...,0,1). Hence,
a> (a1,by+1,0,...,0,1) > (a1 +1,by + 1,0,...,0) > (a1 + 1,02,9,...,9) = b.
If by = 4 then (ey,...,e,) = (6,0,...,0) and
a>(a,6,0,...,0) > (a1 +1,5,0,...,0) > (a1 + 1,4,9,...,9) = b.
In both cases b € A since A is compressed.
If (ag, . ..,a,) = succ(by, ..., b,), thena = (by—1,b+1,0,...,0) and b = (b1, 52,9, ...,9).
Replacing a with b we obtain a set B such that
[Ipn(B)| = [Ipn(A)| = (6p(b1) 4 p(b2) + (n = 2) - 6p(9)) = (6p(b1 — 1) + 0p(b2 + 1))
> 3(n—2)+1,
—1)=1for b € {1,4,6,9} and 6p(by) > dp(be+ 1) for by € {1,4,6}.

(b1
If (b3,...,b,) #(9,...,9), then let us denote (ds, . ..,d,) = succ(bs,...,b,). One has
succ(by, ..., b,) = (by — 1,d3,...,d,). Now assume additionally that (as,...,a,) >
(€g,...,e,) = succ(suce(by, ..., b,)). Then (aj, e, ..., e,) € A similarly to above and
(€2,...,6,) = (bg,ds,...,dy,). Consequently,

a> (al,bg,dg,...,dn) > (CLl +1,b2 — ]_,dg,...,dn) > (CLl +1,b2,b3,...,bn) =b.
Therefore, b € A.

since 6p(by) — dp



e4. Lastly, we consider the case by € {1,4,6,9}, (as,...,a,) = succ(bs,...,b,) and assume
(b3, ..., by) #(9,...,9). Therefore, a = (b — 1,bo — 1,as,...,a,) and we can apply to
the vectors (ag,...,a,) and (b, ..., b,) the same analysis as those for cases e/-e3. If in
the course of this analysis we will be able to guarantee b € A due to the compression, or
to replace a with b without decreasing the function Ipn(-) then we are done. Otherwise,
just one case will give rise to problem again, namely when b3 € {1,4,6,9}, (as,...,a,) =

succ(bs, ..., b,) and (by,...,b,) #(9,...,9).
Continuing this way, the only remaining case left open is the case a = succ(b) such that
a = (bl — 1,b2—1,...,bn_1 — ]_,bn+1), b= (b17~--;bn>7

where by,...,b,—1 € {1,4,6,9} and b, # 9. However, in this case the replacement of a
with b leads to a set B with

1 (B)] = e (A)] = (5o (0) = 600 = 1))+ 5p(b) = 1)) 2 =2
since 0p(b;) — dp(b; — 1) =1 for b; € {1,4,6,9} and 6p(b,) — 0p(b, + 1) > —1. O

4 Cutwidth and Wirelength of P"

For A C Vpn denote
O(A) = {(wv) € Ep: [uc A vg A}

gn(t) = min[0(A)].

Since the graph P" is regular of degree 3n, for any ¢t = 1,...,10™ it holds:

Ipn(t) +2- g,(t) = 3nt. (1)
Therefore, for any initial segment A of the Petersen order P", we have |0(A)| = g.(|A]).
For a graph G, let f be a bijective mapping f : Vg — {1,...,|Vs|}. Let

cong(i) = |{(u,v) € Eg | f(u) <i, f(v)>i+ 1}, for 1<i<|Vgl,
cw(G) = mfin mzax{conf(i)},
Val-1

wl(G) = mfm{ ; cong(i)}.

The parameters cw(G) and wl(G) are respectively called the cutwidth and wirelength of the
graph G. For G = P"| since the subsets with minimum value of the function |J(-)| are nested,
it holds (cf. [8]):

cw, = cw(P") = mtax{gn(t)},

10™

wl, = wl(P") = Z:gn(t).
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It can be easily shown that cw; = 6 and wl; = 41.

Theorem 2 The cutwidth of the graph P™ is given by

_f(6.25) 10"+ (2nt —4)/12,  if nis odd
cwy, = (6.25) - 10"t + (2771 — 8)/12, if n is even.

Proof: First we show that for n > 2 the maximum of g,(¢) is attained when ¢ > 3 - 101
Using the inductive structure of the order P" (cf. Fig. 2), for 1 <t <2-10""!, one has

gn(t) <2t +2-cw, 1 +1<4-10"1 42 cw,_1 + 1.

Indeed, for A = F"(t) the set O(A) consists of the edges connecting A;(0) with P (1) U
P"(4) U P (5), the edges connecting A;(1) with P[*(2) U P*(8), and of d(A;(0)) N P*(0) and
O0(A1(1)) N Pr(1). Since |A1(0)] + |A1(1)| = |A| = ¢, then the number of the edges of the first
two types is

2- (|4 O0)] + [A(M]) + (1A (0)] = AL (D)]) < 2 + 1.

The number of edges of the third type does not exceed 2 - cw,,_.
Now for ¢ of the form ¢ = 2- 10" 4+ #, where 0 < #' < 10"!, it holds

Gn(t) =4-10"" + ¢ + g, 1(t') <5-10" + cw,_;.

Indeed, for A = F(t) the set J(A) consists of 2 - 10" edges connecting A;(0) with P (4) U
Pp(5), of 10" 14 (10"~ —#') edges connecting A; (1) with P/"(2)U Py (8), of 2t edges connecting
Ay(2) with P(3) U P*(6), and of 0(A1(2)) N P(2). The size of the last set does not exceed

CWp—1.

Similarly one can show that for t = 3 - 107! + ¢, where 0 < ¢ < 2-10""!, one has

() = 5-10" 1+ 2 g, 1(k), if ¢ =2k @)
I = 5107 4 gy (k+ 1) + gua(k) + 1, if ¢ =2k + 1.

Claim: Let z < 5-10""! be a number such that g,(z — 1) < g,(x) = cw,. Then g,(z + 1) =
gn(z — 1) = gp(x) — 1 for n odd; and g,(z + 1) = g,(z) = gn(z — 1) 4 2 for n even.

Proof of the Claim: By induction on n. Clearly, the maximum of g;(z) is attained for x =4
only, given by ¢;(4) = 6. With the help of Table 1, it can be easily shown that the maximum
of go(x) is attained for all z € [37,43] and equals 62. For n > 3, we proceed by induction. Let
k be a number such that g,—1(k — 1) < gn—1(k) = cw,—1.

If n is odd, then n — 1 is even and, thus, g,_1(k + 1) = ¢g,_1(k) = cw,_1 by induction. Hence,
Gn1(k+ 1)+ gua(k)+1=2-¢g,1(k)+ 1 and cw,, = 2 - cw,_1 + 1 by Eq. (2). Thus, for
r=3-10""1 + 2k + 1, we have g,(x) = cw, by the choice of k. On the other hand, using Eq.
(2)7 gn($+ 1) _gn(x - 1) - 2(gn—1(k+ 1) _gn(k)) = 0. Thus, gn(x+ 1) = gn(x_ 1) = gn($> -1

Similarly, if n is even, then n — 1 is odd and, thus, g,—1(k+ 1) + gp—1(k) + 1 =2+ g,_1(k) by
induction. Hence, in this case cw, = 2 - cw,_1 by Eq. (2). Thus, for z = 3- 10" + 2k — 1 it
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holds g, (x) = cw,, by the choice of k. On the other hand, g,(z + 1) — gn(x — 1) = 2(gn-1(k) —
gn—1(k — 1)) = 2. Thus, g,(z + 1) = gp(x) = gp(x — 1) + 2 and the Claim follows. O

The proof of the Claim implies

. — 5-10"' +2-cw,_1 +1, if nisodd
" 5-10" 2 cwy, if n is even.

Solution of this recursion with cw; = 6 and cw, = 62 leads to the expression

(n—1)/2 n—1
1 on=1 _ ]
6-10"" > () + = —— if nisodd

cw, = iz \9 3
o (n—2)/2 2 n—1
1 2 1
6-10""- > () + 2 i nis even.
o\ 3
Hence the theorem. O
Theorem 3 The wirelength of P" is given by
37 72 1
l, = —-100" + — - 18" 1 — — . 10™.
=% % 2

Proof: Denote wl,(t) = 3!_; g.(i). We use the inductive structure of the order P" again (cf.
Fig. 2). First consider the case t < 2-10""'. Now for t = 2k — 1 and A = F"(t) (cf. the proof
of Theorem 2) one has

gn(2k = 1) = 19(A1(0)) N PI(0)] + [(Ax(1)) N P (1)] + 2[A] + 1
= gn1(k)+gna(E—1)+2(2k—1)+ 1.
Similarly, for ¢t = 2k one has g,(2k) = 2g,,—1(k) + 4k. Therefore,

wl, (2k) = 4wl 1 (k) — gn_1(k) + 8zk:i —k

This implies wl, (2 - 107) = 4 - wl,_; + 85 — 10", where § = Y19 i = (100" + 1071) /2.
Furthermore, for t = 2 - 10" ! + k, where 1 < k < 10" !, a similar technique provides

k
wl,(t) = wly(2- 10" 1) + wly1 (k) + )i+ 4k - 10"

i=1
Therefore, wl,(3-10""1) =5 wl, 1 + 95 + 410" - 1071 — 10"~ 1.
Finally, for t = 3 - 10"~! + 2k, where 1 < k < 107!, it holds

wl,(t) = wh,(3- 10" Y + 5wl +4 - wly_1(k) — gn_1(k) + k + 10k - 10"
Therefore, wl,(5-10"1) =9 - wl, 1 +4-10""1- 10" +98S.

Since wil,, = 2 - wl,(5-10"1) — g, (5-10"71) = 2 - wl,(5-10"1) — 5. 10""!, using the above
formulas, we obtain

wl, =18 - wl,_1 +37-100"1 +4-10"!  with wl; =41,

and the theorem follows. O
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5 Products of Petersen Powers with Hypercubes

Let Q™ be the graph of the m-dimensional hypercube which is the m* cartesian power of
the clique with two vertices. Consider the edge-isoperimetric problem on the product graph
P = P"x Q™. These families of graphs are called folded Petersen cubes [16, 17] and extensively
studied to model multiprocessor interconnection networks.

5.1 Edge-isoperimetric Problem on P

We show that the edge-isoperimetric problem on the graph P has nested solutions provided by
the new order, Q" | presented below. We represent the vertices of P as (n + m)-dimensional
vectors (ag,...,an, 01, ..., Qy), where (a,...,a,) € P" and (ay,..., ) € Q™. For vertices
a=(ay,...,ap,0q,...,0,) and b= (by,..., by, B1,...,0Bm) of P x Q™, we write a > b in the
order Q7 iff

(¢) (a1,...,an) > (by,...,b,) in the order P", or
(17) (a1,...,a,) = (by,...,b,) and (ay,...,q,,) is greater than (3,...,05,) in the lexico-

graphic order.

It is an easy exercise to ensure oneself that the order Q, satisfies the consistency property [§]
similar to Lemma 1.

We introduce compressions similarly to that in Section 4. The initial segments of the order Q7.
of length ¢ will be denoted by the set F(t).

Theorem 4 For anyn > 1, m > 1 andt = 1,...,10" - 2™ the set F"(t) is optimal, where
F7I(t) is represented by the initial segment of the order QF, of length t.

Proof: We prove by induction on n + m. The induction starts with n +m = 2. If n = 2 then
this theorem is true by Theorem 1. If m = 2 then the theorem is obviously true as well. Let
n =m = 1. Note that for a compressed set A C P}, it holds

[Ipr (A)] = Ip({(2,0) € A}]) + Ip(|{(z, 1) € A}) + [{(z, 1) € A}].

In this case the theorem is easy to verify by using Table 1.

Let us now proceed with n +m > 3. If m = 0 the proof follows from Theorem 1. If n = 0
then the theorem follows from the corresponding result of Harper for the hypercube Q™ [11].
So let us assume n > 1 and m > 1. Let A be a compressed optimal set, and let a and b be
respectively the largest vector of A and smallest vector of P\ A in the order Q" . Furthermore,
let these vectors be of the form

a=(ay,...,ap,a1,...,0p,) and b= (by,...,b,,01,...,0m)-
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If A # F(t) then a > b. In this case we can also assume that a; # b; and «; # [, for
1 =1,...,nand j = 1,...,m, since otherwise b € A because A is compressed. Therefore,
(a1, ..., quy) is the binary negation of (0, ..., Bn).

Assume that (o, ..., ) is lexicographically greater than (31, ..., ;). Then

a=(ar,...,0n,Q1,...,Qp) = (a1,..., 05,01, 0m) = (b1, bn, 51, ..., Bm) = b.
This along with the fact that A is compressed imply b € A. This is a contradiction.
Now if (aq,...,a4,) # (0,...,0), then let (o,...,al,) be its predecessor in the lexicographic
order. One has

a=(a1,...,0n,00,...,0n) = (a1,...,a,,04,...;a0 ) = (by,..., by, B1,...,0m) = Db,

and, thus, b € A follows since (af,...,a’,) is not the negation of (3i,..., ;) and since A is

compressed. Similarly, if (6y,...,5,) # (1,...,1) then let (f],...,/3.,) be its successor in the
lexicographic order. One has

a:(al,...,an,al,...,am)> (blv'uabnuﬁiw--’ﬁ;n) - (bl,...,bn,ﬁl,...,ﬁm):b7
which again implies b € A.

Hence, we can assume that (aq,...,q,) = (0,...,0) and (01,...,06,) = (1,...,1). Consider
the case when the vectors (aq,...,a,) and (by,...,b,) are not consecutive in the order P".
Recall that a; # b;. We show that for n > 1 there exists a vector ¢ = (¢1,...,¢,) € P"
satisfying
(a1,...,a,) > (c1,...,¢n) > (b1,...,bn),

such that a; = ¢; or ¢; = b; for some 7, 1 < 7 < n. To show this, let us examine the definition
of the order P". If a; — 1 > b; then the vector (a; — 1, a9, ...,a,) has the required property.
Assume a; — 1 = by. If (b,...,b,) # (9,...,9), then denote by (b),... b)) its successor in the
order P"! and let ¢ = (by, b}, ..., 0,). If (bg,...,b,) = (9,...,9) then denote by (a), ..., al,) the
predecessor of (ag, ..., a,) in order P"~! and assign ¢ = (ay,d, ..., a,). Finally, if a; + 1 = by,
then the vector (by,b,...,0,) leads to the solution.

Now if n > 1 and a; = ¢;, then
a=(ay,...,a,,0,...,0) > (c1,...,¢cn, 1,0, 1) = (by,..., b, 1,... 1) = b.

Since A is compressed, then (ci,...,¢,,1,...,1) € A and, thus, b € A which leads to a
contradiction. Similarly, if ¢; = b;, then

a=(ay,...,a,,0,...,0) > (¢1,...,¢n,0,...,0) > (by,...,b,,1,...,1) =D
and we have a contradiction too. Finally, if n = 1 and hence m > 2 then
a=(a,0,...,0) > (g — 1,0,...,0,1) > (by,1,...,1) =D

which implies a contradiction that b € A.
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It is remained to consider the case when the vectors (aq, ..., a,) and (by, ..., b,) are consecutive
in the order P™. In this case, the replacement of a with b leads to a compressed set B such
that

Iy (B)| — | (A)] = f:laz»(bi) - f;apwi) +m.

We prove that the set B is optimal. This is obvious if >, dp(b;) > >, 0p(a;). However, if
S op(bi) <X, dp(a;), we show that these sums can differ by 1 only which is a consequence
of the following general fact:

If there exists a total order O of the vertex set of a graph G such that each of its initial segments
forms an optimal subset, and if d¢ (i) < dg(i + 1) for some 4, then d¢(i) = dg(i + 1) — 1.

Indeed, assume the contrary, i.e. dg(i) = k and d¢(i + 1) > k + 2 for some k, and consider the
sets S; and S;;1 consisting of the first ¢ and ¢ 4+ 1 vertices of GG in the order . These sets are
optimal and |I¢(S;)| = [I5(S; \ v;)| + k, where v; is the i'" vertex of G in the order ©. Now

[ ((Si \ vi) Uvigr)| > [Ha(Si \ vi)| +k + 1> [Ia(S:)],

which contradicts the fact that the set 5; is optimal. Hence the proof of the theorem. a

5.2 Cutwidth and Wirelength of P

The simple structure of the order Q' immediately derives the formulas for the cutwidth, cw,, ,,
and the wirelength, wl,, ,,, of the graph P. We assume that n > 1 and m > 1. Furthermore,
let

gn(r) = min|{(u,v) € Egm |u € A, v ¢ A},

|A|=r
Grm(s) = min [{(u,v) € Epy |ue A, v A},

where the minima run over all corresponding subsets of size r. It follows from Theorem 4 that
Gum(8) =7 g (t+ 1)+ (2™ —7) - gu(t) + qu(r),

where s = 2™ .t +r and 0 <r < 2™. In these terms

10m™.2™

CWngn = max{Gnm(s)} and  wlym, = > Grml(s).
s=1

Let cw(Q™) = max,{¢n(r)} be the cutwidth of the hypercube Q™.

Now if n is even, then g,(t+1) = g,(t) = cw,, for some ¢ (cf. the Claim in the proof of Theorem
3). Hence, cwy, , = 2™ - cw, + cw(Q™). If n is odd, then, using the Claim again, at most one
of g,(t+ 1) and g,(t) equals cw,. Therefore, we get

2™(cwy,, — 1) + gm(t) if g,(t+1) <cw, & gu(t) < cwy,
Grm(s) < 2™ cw, —t + ¢u(t) if g (t+1) <cw, & g,(t) = cw,
2™(cw, — 1)+t + qu(t) i go(t+1) =cw, & gu(t) < cw,.
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It can be shown that the last expression is the largest one if ¢ > 2™~

Note that X {t + qn(t)} = cw(Q™"). Therefore, the cutwidth of P" is given by

m_1§t§2m

v — 2™ - cw,, + cw(Q™), if n is even
m 2™(cw, — 1) + cw(Q™™), if n is odd.

Similar arguments provide the wirelength of P as
Wy = 2™ - wl, + 10" - wl(Q™).
From these results one can derive formulas for cw,, ., and wl, ,, in terms of n and m by using

Theorems 2 and 3, and known results cw(Q™) = (2" — 2 + (m mod 2))/3 and wl(Q™) =
2m=1(2m — 1) (cf. e.g. [4, 11]).
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