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Abstract

This article is a study of the solution set of a discrete isoperimetric problem.

1 Introduction and list of results

Denote by B™ the n-dimensional unit cube, i.e. the collection of all n-dimensional vectors
with each coordinate equal to 0 or 1, and by p(«, ) the Hamming distance between
vertices in B". Let A C B™. Then & € A is called an inner point of A iff (&) C A, and
a boundary point otherwise (where S/'(&) is the ball around a point & with the radius r
in the metric p). Denote by P(A) (I'(A)) the collection of all inner (boundary) points of
A. A set A C B™ is said to be optimal if |[T'(A)| < |T'(B)| for any B C B™, |B| = |A].

This article is a study of the collection of optimal subsets of B"™. It is known (see
[1,3,6]) that one of the m-element optimal sets is the standard arrangement L7, defined
as the initial segment of length m of the following numbering (denoted below by £) of the
vertices of B". The vector 0 = (0, ...,0) is given the number 1. Suppose that all the vectors
in B"™ with coordinate sum (norm) less than k have already been numbered, along with
some vectors of norm k, We give the next largest natural number to the lexicographically
greatest unnumbered vertex of B™ of norm k.

Let

S(A)={ae A:ST(A)NPA) =0}

be the collection of free points of A. A set A is said to be critical if S(A) = (). The empty
set will be regarded as a critical set too. Denote by N the collection of all m-element
optimal noncritical subsets of B™. It is shown in Section 2 that the construction of the
sets in this class reduces to the construction of the optimal critical sets.

It is known (see [1,3,4]) that if L} is the critical set then any m-element optimal
subset is also critical. Such numbers m are called critical cardinalities. Denote by M},
the collection of all optimal subsets with the critical cardinality m. A description of all
the sets in the class M}, is given in [4]. In is easy to show (see Corollary 3.7.1) that the
number of critical cardinalities equals 2771

Denote by K7 the collection of all m-element optimal critical subsets of B". Notice
that there exist some m, for which K? = (). One of our main results is Theorem 3.1,
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in which it is shown that if A is an optimal set, then so is P(A). On the basis of this
Theorem we obtain in Section 4 a sufficient condition for K = (). Thus, all the solutions
of the isoperimetric problem are found for such cardinalities m. In the same Section we
also show that the number of these cardinalities asymptotically equals 273, Moreover, a
necessary and sufficient condition for K7 = () is found.

In Section 5 we show that for any subset of B™ there exists an optimal subset of a cube
of higher dimension that in a certain sense is analogous to it in structure. This result
reflects well the difficulties arising in the description of all solutions of the isoperimetric
problem and at the same time gives a method for constructing certain optimal critical
subsets.

2 A theorem on reducibility

Let m be an arbitrary integer with 1 < m < 2". We show how to construct all optimal
m-element sets. Denote by mg the critical cardinality closest to m from below, i.e.,
mo = m — |[S(L)|, and let mq,...,m; (m, < my < --- < my < m) be all the integers
for which there exist optimal critical sets of those cardinalities in B™. We construct [ 4 1
families F; of m-element sets. For this we consider all m;-element optimal critical sets
(0 < i <1l+1) and for each such set A we construct (3:::1) sets by adding m — m;
arbitrary points in B" \ A to A. Thus, we get a family F;.

Theorem 2.1 The sets in U\_, F; are pairwise distinct and optimal. If A is an m-element
optimal set, then A € F; for some 1.

Proof.

Let A be an optimal set. If A € K" then A € F}. Let A € N and & € S(A). We show
that A\ & is an optimal set. Assume that A\ & is nonoptimal set and let B C B™ be an
optimal (m — 1)-element set. Then for 5 € B"\ B one has

[P(BUB)| = |P(B)| > [P(A\ &) = |P(4)],

which contradicts the optimality of A. Since P(A\ &) = P(A), then S(A\ &) = S(A)\ &,
i.e. the removal of a free point & from A leads neither to the appearance of a new free
point in A\ @ nor to the disapiarance of an old free point.

Thus, by removing free points from A sufficiently many times, we get that for any
A C N there exists a critical optimal set B, uniquely determined by A of cardinality
|A| — |S(A)|. We now prove that |B| > my, i.e. |B| = m; for some i. For this it suffices
to show that [S(A)| < |S(LF)|. Assume that s; = |S(A)| > |S(LZ)| = s2. We construct
an optimal subset C' by removing s, arbitrary free points from A. Since Ly, ., is critical,
|IP(A)| = |P(C)] = |P(C\ )| > |\P(Ly,_y,_1)| for 3 e S(C). Contradiction. Thus,

Note that if A is an optimal g-element set and mo < ¢ < m, then |[P(A)| = |P(Ly,, )|
Therefore, if B is an optimal m;-element set, then by adding m — m; arbitrary points to
B we get an optimal set. Since for any A € N there exists precisely one optimal critical
set B C A, |B| =m — |S(A)| > my, the sets from U._,F; are pairwise distinct. i



3 General properties of optimal subsets

Let 1 < m < 2". Represent it in the form m = f:() (7) +0,0<6 < (k?rl) Notice
that k£ and 0 are uniquely determined by m. It is known [1, Theorem 6.1], that if A is
an optimal m-element subset, then there exists a point & € A, such that S}'(a) C A.
Obviously |Sp, (&) > |A|. Therefore, each optimal subset A contains a ball of maximal

radius.
Theorem 3.1 If A if an optimal set then so is P(A).

In order to prove Theorem 3.1 we need some auxiliary propositions.
Lemma 3.1 P(L™) is an optimal set.

Since P(L]") is a standard set, the proof follows.

We partition the cube B™ with respect to the coordinate x; and denote by A°(i) and
Al(4) the parts of a set A in the resulting (n — 1)-dimensional subcubes z; = 0 and z; = 1
respectively. Let p(m,n) = |P(L")|. The coordinate x; is said to be admissible for a set
A if

p(IA@)],n — 1) < |AY@)| and  |A°(i)] > |A'(3)],
or if

p(|AY@)|,n —1) < |A°G)| and  JA(D)] < |A'(3))-

Denote by 7;, ... i, (A) the projecting operator consisting of replacement of 0 by 1 and 1 by
0 in the coordinates with indices i1, ..., i; in all vectors in A. The following two assertions
are proved in [1] (respectively, as see Lemma 4.1a and Lemma 4.2 slightly modified).

Lemma 3.2 Let A be an optimal set and let z; be it’s admissible coordinate. Then A°(7)
and A'(i) are optimal subsets in (n — 1) dimensions, P(A) = P(A%(1)) U P(A(4)) and
the following holds for |A°(z)| > |A(4)|:
a) If p(|A°(i)|,n — 1) < |AL(2)|, then 7;(A°(7)) D P(AY(i) and m;(A'(i)) 2 P(A%(3)).
b) If p(|A°(i)],n — 1) = AL (i), then mi(Al(i)) = P(A°(i)).

Lemma 3.3 For an optimal set A the following holds

a) If p(|A°(D)|,n — 1) = |AY(3)| or p(JAL(3)],n — 1) = |A°(4)| for any i =1,...,n, then
either A = B", or A = S'(a) for some &, and r < mn — 2.

b) If p(JA°(i)],n — 1) > |A(i)| or p(|AM(i)|,n — 1) = |A°(i)], then A = Sp_(a).

Denote P;(A) = P(P,_1(A)), Py(A) = A.

Lemma 3.4 Let A be an optimal subset and let x; be it’s admissible coordinate. Then

Py(A) = Py (A1) U Py(A(4)).



Proof.
Obviously, Py(A) C Py(A%(i)) U Py(Al(i)). We show that the inverse inclusion also holds.
Let & € Py(A%z)), i.e. Sy '(a) € A%4i). Then Sp~'(a) C P(A%{)) and m;(S} (&) C
Al(3). Consequently, S§(a) = Sy (&) U Sy (m(a)) C A, ie. & € Py(A). The proof of
the Lemma in the case & € P»(A'(4)) is quite similar. i
Denote by ¢;(A) the following transformation of a set A C B", called compression.
We partition the cube B™ with respect to the coordinate z;, and replace the sets A%(7)
and A'(7) by the standard arrangements of the same cardinalities in the corresponding
subcubes. The proof of the two following assertions is given in [1] (see lemmas 3.1 and
2.2 respectively).

Lemma 3.5 If A is an optimal subset, so is p;(A).
We say that a set A is i-compressed if p;(A) = A.

Lemma 3.6 Let A C B™ be i-compressed for i =1,....,n and |A| = m. Then:

a) Either A =L orm =2""1 and A = L? . \ &, where &, is the m-th point in
order L.

b) If A is an optimal set then A = L7, for n > 2.

It follows from Lemmas 3.2 and 3.5 that if x; is an admissible coordinate for A, then
it is admissible also for ¢;(A).

Proof of Theorem 3.1. We use induction on n. For n = 2,3 the Theorem is obviously true,
so let us proceed the inductive step. Let A C B™ is an optimal set and |A| = m. Below we
describe a serie of transformations carrying A into L? and prove the equality |Py(A)| =
|Py(L7)], which yields the Theorem when Lemma 3.1 and the equality |P(A)| = |P(L})]
are taken in account.

Construct the set B = ¢;(A). Considering Lemmas 3.1, 3.4, 3.5 and the inductive
hypothesis, we have that

|Po(A%@))] = [Po(B @), [Pa(AN(0))] = [Pa(B(0))]

and
|Py(B)| = |Pa(B°(0))] + |Po(B'(3))] = | Po(A)].

Let us repeat this procedure for an admissible coordinate of a set B, then for an
admissible coordinate of the newly obtained set, and so on. Denote by [(A) the sum of
numbers of & € A in order £. Note that if ¢;(A) # A then I(¢;(A)) < [(A). Therefore,
after a finite number of such compressions we obtain a set D, which is i-compressed for
i € {i1,...,15}, where x;,, ..., x;_ is the collection of all admissible coordinates of the set D.
It will be assumed that among all such sets the minimum of the functional [ is attained
on D. We note that |D| = |A| and |Py(D)| = |P2(A)].

If s = 0 or s = n then the Theorem follows from Lemmas 3.3b and 3.6b. So let
0 < s < n. Without loss of generality we assume that i; = 1,...,7, = s. We show that
D=1L.

Let us partition B™ with respect to the coordinates x1, ..., x, into subcubes of dimension
(n — s). If for at least one of the resulting parts of the partition of D tat is in an
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n — s-dimensional subcube there exists a coordinate (from among the coordinates of
the corresponding subcube) satisfying the condition of Lemma 3.2a, then it would be
admissible for the set D. Consequently, for each part of D the condition of Lemma 3.3
holds (in n — s dimensions). According to this lemma, each such part is a ball. It is not
hard to show, that the centers of these balls (we call them basic balls) are in the origins
of coordinates of the corresponding (n — s)-subcubes. Note that the radius of at least one
basic ball equals n — s — 1, since otherwise any of the coordinates x;, i > s+ 1, would be
admissible for the set D.

Denote by & the greatest point of D in order £ and by 3 the least point of B" \ D in
order L. Considering the foregoing,

a=(aq,...,as0,...,0,1,...,1)

for some p. 1If (3 is greater & in £, then D = Ly,. Solet a is greater 3 and let us show
6 € D. If a; = (; for some @ < s, then § € D, since D is i-compressed. Therefore, it is
sufficient to consider the case

B = (O_él’ ceey 0_537ﬁs+17 ~-~7ﬁn)7

where @; denotes the logical negation of the entry ;. Moreover, since 3 belongs to one
of the basic balls, then § € D iff ¥ € D, where

¥ = (a1, ..., 0,0,...,0,1,...,1)

and ¢ = >%_ 1 §;. So, without loss of generality we assume that G = 7, and D contains
all the vectors that are greater than

(@1, ..., a5, 1,...,1,0, ..., 0)
N—_——

p

in order £. Moreover, it is sufficient to consider the case when there is no vector € € B,

such that & < € < (3 and the vector pairs (a,€) and (€, 3) have at least one common
coordinate from among the first s coordinates. This case is possible only if 3 is the
immediate predecessor of the vector

O~é/ = (041, cey Qg 1, ceey 1,0, ,0)
——

p

in order £. We will show below that & and 3 must then have the form

or



Case 1. Let a; + s + -+ + o, < s, i.e. there exists an index j, for which a; = 0. Let
7 < s be the maximal such index. If 7 > 1, then a = (31, and so a; = ;. A contradiction.
Therefore, a; = 0 and ap = a3 = - -+ = a, = 1. Further, if s = 1 then x; is not admissible
coordinate for the set D when p=n—1. If 0 < p < n — 1, then D°(1) (it is not a ball)
must have an admissible coordinate by Lemma 3.3, i.e. s > 2.

If [la] = ¢ > ], then

(0,0,1,...,1,0,...,0,1,....,1) € D,
————
s p
and hence B €D, ie. B is not the immediate predecessor of &' in order L. Therefore,
|IB]] =t. Note that t <n — s+ 1. If t <n — s — 1, then there does not exist a basic ball

of radius n — s — 1. Consequently, either t =n —s+1lort=n—s.
a) Let t =n — s+ 1. In this case vectors @, 3 have the form

a=1(0,1,..,1,0,..,0,1,..,1) B=(1,0,..,0,1,...,1).
——— ————

s P s

Then |P(D\ &)| = |P(D)|—p and |P(D\ 3)| = |P(D)|+n—s. Consequently, if p < n—s
(i.e. s> 2), then |P((D\ &)U )| > |P(D)], i.e. D is nonoptimal subset. If s = 2, then
21 is not admissible for D. So, 3 € D.

b) Let t = n — s. Denote

By = {5 € D:# has the form (1,0,0,...,0,Yst1, .-, Yn) }
By, = {5 € D :# has the form (0,1,0,....,0,Yss1, .-, Yn) }-

Invert the first and the second entries in all vectors of B; and Bs. This gives a set E, for
which |P(E)| = |P(D)| but I[(E) < (D). Contradiction.

Case 2. Let a1 +as + ... + a, = s, i.e.

a=(1,.,1,0,..01,..,1) 8=(0,..,01,..,1).

N—— N—— ~——
s p q
If || B|l < |l@|| — 1 then § is not the immediate predecessor of & in order £. Therefore,
18] = ||&]] = 1 = t. In a way similar to that in Case 1 we get that either t = n — s or

t=n—s—1.

a) Let t =n — s. Then |P(D\ &)| = |P(D)| —p and |P(D U B)| = |P(D)| +n —s. If
p<n-—s(ie. s>1), then |[P(D\ &) Up)| > |P(D)|, which contradicts the optimally
of D. But if s = 1 then z; is not admissible coordinate for D. Hence, 3 must be in D.

b). Let t = n—s—1. Since 3 € D, for s > 1 there does not exist a basic ball of radius
n —s—1,ie. D must have another admissible coordinate (for s < n). But if s = 1, then
the vectors & and  have the form & = (1,0,1,...,1), § = (0,0,1, ..., 1). Therefore, D is
a ball of radius n — 2 centered in (1,0, ...,0) and the minimum of the functional [ is not
attained on D.

Therefore in all cases we get that 5 € D, i.e., D is a standard arrangement. I

Corollary 3.1.1 If A is an optimal set, then so is Py(A) for s=1,...,n.
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Corollary 3.1.2 Let A C B™ be an optimal set and |A| = m. Then |Ps(A)| = |Ps(L})]
fors=1,...n.

Corollary 3.1.2, in particular, implies that if A is an optimal m-element set and the number
m is represented in the form m = Y% (2‘) +0,0<0 < (kil), then |Py(A)| = |Pe(L2)].
Moreover it is obvious that Pyi1(A) = Pey1 (L) = 0. Thus, Corollary 3.1.2. not only
implies the equality P;(A) # (), which is equivalent to Sp(a) € A for some & (cf. [1],
Theorem 6.1), but also yields the possibility of determining the number of such points.

This number equals to |P,(L})| and can be found from known formulas [7].

Corollary 3.1.3 Let A be an optimal critical set and |A| =m < (g) +n+1. Then A is
a union of exactly |P(L")| balls of radius 1.

This corollary can be regarded as a description of the structure of optimal sets of small
cardinality.

For the solution of many applied problems (see [1,5] for example) it is required to
consider the set

Gi(A) ={aeB"\ A: pa,A) <t}

and to find a subset A C B™ with |A|] = m on which the minimum of the functional
|G(A)| is attained. Denote this problem by I;.

Corollary 3.1.4 If A is a solution of problem I;, then it is also a solution of problem I,
for any r > t.

The Corollary is proved by applying Theorem 3.1 to the set B" \ A with the equality
Gi(A) = (B"\ A)\ P,(B"\ A). This equality in particular implies, that L} is a solution
of problem I;.

Denote by J; the problem of constructing a set A of fixed cardinality with ||&| = k
for any & € A on which the functional |G¢(A) N{a : ||a]| = k + t}| attains a minimum.

Corollary 3.1.5 If A is a solution of problem J;, then it is also a solution of problem J,
for any r > t.

This corollary follows from Corollary 3.1.4. and from the fact that L7, is a solution of
problem ;.

Let R is an arbitrary numbering of vertices of B™ by the numbers 1,2, ..., 2". We say
that a set A is generated by the numbering R if A consists of the vertices of B" with indices
1,2,...,m. It is of definite interests to find all numberings generating optimal subsets for
any m. Such numberings are called optimal numberings. There are many examples
of extremal problems on B™ with solutions generated by appropriate numberings. The
possibilities of representation of optimal sets by the optimal numberings are reflected in
the following theorem.

Theorem 3.2 Let A C B™ be an optimal m-element critical set generated by an optimal
numbering R. Then m is a critical cardinality.



Proof.
Let @ € A has the greatest number in R. Then A\ & is an optimal set and |P(A)| >
|P(A\ &)|. Thus

[P = [P(Ly)l,  [P(AN @) = [P(Ly )|, [P(Ly)] > [P(Lya)]

and the proof follows. i
For that follows we need a criterion enabling us to determine whether a number m is
a critical cardinality. Denote by & = (au, ..., a,,) the greatest point of L?, in the order L.

Lemma 3.7 The number m is a critical cardinality iff o, = 1.

Proof.

Assume that m is a critical cardinality and m = 3% (?) +0,0<0< (k-?—l) We write
C = P(L")N By and let § = (B, ..., Bn) be the greatest point in C' in order £. Since
P(L") = L",, where m' = Y} (7;) + ¢, ¢ = |C], then g € T'(L!, \ @). However, it is

possible only if 5, =0 and p(&,5) =1, i.e. a,, = 1. The proof of sufficiency is similar. I

Corollary 3.7.1 The number of critical cardinalities of the cube B" equals 2" 1.

4 On the existence of sets in the class £

It is not hard to show that for some m there may not exist an optimal critical m-element
set. For example, let m = Y%, (?) + 1. By Corollary 3.1.2, any optimal set of such
cardinality must consist of a ball of radius k£ and another point & outside the ball. The
point & may be chosen arbitrarily; but obviously & € S(A) always. Thus, K" = ) in this
case. In the next theorem we prove a sufficient condition under which £ = (). As before,
let p(m,n) = |L%|.

Theorem 4.1 If p(m,n) is a critical cardinality, then K7 = 0.

In order to prove this theorem we need some auxiliary propositions. Let
G(A) ={aeB":p(a, A) <1},

a neighborhood of A. Note that A C G(A).

Lemma 4.1 If A is an optimal set of critical cardinality. Then G(A) is also an optimal
set of critical cardinality.

Proof.
We prove this by induction on n. For n = 2 it can be checked directly. Let us proceed
the inductive step for n >3.

We say that A C B" is a set of standard arrangement type if it can be obtained from
L by some permutation of the coordinates of B" and a “translation” of the resulting



set by some vector ¥ € B". We call a coordinate x; of B" minimal for a set A if
|A%(6) — [AY(@)|| < [|A°(5) — [A(G)I| for j =1, ..., n.

Without loss of generality we may assume that A is not a set of standard arrangement
type, since in opposite case the Lemma is obviously true. For an optimal set A of a critical
cardinality m = Y°F (T;) + ¢ the following assertions hold (see [1] Lemma 6.1, Theorem

6.2 and Corollary 6.2 respectively):

1. If z; is a minimal coordinate for A then A°(i) and A'(i) are optimal critical subsets
of critical cardinalities (in n — 1 dimensions) and the cardinality of at least one of them
equals %, (”;1>

2. There exists a point & € A such that Sj (&) C A C Sp o(&).

3. If Sp(a) € ACS; (&), then A is a set of standard arrangement type.

Without loss of generality we assume that S7(0) € A C SP',(0), where 0 = (0, ..., 0).
Let x; be a minimal coordinate for A. Since A is not a ball, then it f follows from Lemmas
3.2 and 3.3 that

P(A%(i)) € m(A'(3),  P(A'(1) € m(A°(D)),

which implies G(A) = G(A°(i) U G(A' (i), where the operator G in the right hand side is
applied in n — 1 dimensions. Denote B = G(A).

Case 1. Assume that § < (";1)
a) Let |A°(i)| > |A'(4)]. By Assertion 1,

wol=x (") = (") v

By Assertion 2, A%(i) = Sp~'(0) and Sp~{(0) C A'(i) C Sp71(0). Therefore, taking into
account the inductive hypothesis,

B°(i) = Spi(0),  S¢7H(0) € B(i) € Si, (0),

and B'(7) is an optimal set of critical cardinality. Consider a set C' C B™ obtained from
B by replacing B'(7) by the standard arrangement of the same cardinality in the subcube
x; = 1. We have that

P(B%(i)) € m(B'(i)) and P(B'(i)) € m(B°(1)),

hence
P(C°(i)) = P(B%(i)) € m(C'(i)) and  P(C'(i)) € m(C°(0))-
Consequently,

P(B) = P(B°(i))U P(B'(i)) and P(C)= P(C"(i)) U P(C'(i)).

Since B!(i) is an optimal set (in n — 1 dimensions), then |P(B)| = |P(C)|. Note, that C
is a set of standard arrangement type. Therefore, B is an optimal set. Since |B'(i)| is a
critical cardinality and B°(i) is a ball, then | B]| is a critical cardinality either.



b) Let |A%(7)] < |A'(7)|. In this case

and since S;(0) C A, then

A contradiction.

Case 2. Assume 6 > (”;1)

a) Let |A°(i)| > |A(7)|. Then
SpH0) € A%(i) € S (0) and  Al(i) = Sp(a)

for some & = (a, ..., @), such that a;, = 1. It is not hart to show that 1 < |la| < 2,
since otherwise the inclusion S} (0) C A C S}, ,(0) is violated.
If ||&|| = 1, i.e. a; is the only nonzero entry of &, then since P(A%(i)) C m;(A'(4)) and

A%(4) is an optimal set by Assertion 1 (in n — 1 dimensions), then
P(A°(@) {1, ey 1) € B" 17 = 0&||F|| = k + 1} = 0.
Consequently,
A% N (1, o) € B™ iy = 0&|F] = k + 2} =0,

i.e., SP(0) C A C 8P, (0). By Assertion 3, A is a set of standard arrangement type and
the Lemma holds.

If ||&|| = 2, then since P(A°(i)) C m;(A'(:)) and P(A'(i)) C m;(A°(:)), we get, that
the same holds for the set B and so B is an optimal set of critical cardinality by the
inductive hypothesis. The rest of the proof is completely analogous to Case la) and is
thus omitted.

b) Let |A%(7)| < |A(4)|. Then

SpH0) € AM(i) € S (0) and  A%36) = Sp(0).

wol=3 (") (- ()

and A’(7) is an optimal set of critical cardinality. By Assertion 2, there exists a point
& = (ai,...,a,) with a; = 1, such that Sp~'(a) € A'(i) C Sp,(@). It is not hard
to show, that 1 < ||a|| < 2. Therefore, Sj(@) € A C S} ,(&) and the proof of the
Lemma is reduced to the Case 2a) by applying the arguments presented there to the set
A 7translated” by the vector a. I

Note that

Proof of Theorem 4.1. Assume the contrary, i.e. A € K # (). Since A is a critical set,
then A = P(A)NG(P(A)). Taking into account that P(A) is an optimal set by Theorem
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3.1 and applying Lemma 4.1 to the set P(A), we get that A is an optimal set of critical
cardinality, i.e., A & K.

A number m is called a singular cardinality, if for any m', mg < m’ < m, there does
not exists an optimal m/-element critical subset of B™. In this case all the optimal critical
m-element subsets belong to the family Fj (see Section 2), i.e. their structure is known
[4].

Corollary 4.1.1 If p(m,n) is a critical cardinality, then m is a singular cardinality.

The proof follows from the equalities p(mg,n) = p(mo + 1,n) = --- = p(m, n). i
Denote by X (n) the number of singular cardinalities determined by Corollary 4.1.1.

Corollary 4.1.2 X (n) ~ 2"3 as n ~ oo.

Proof.
Let m = Zf:o gz) + 0 be a number satisfying the condition of Theorem 4.1, and let mq be
the critical cardinality closest to m from below. Consider the set Ly, and denote by a the
greatest vector of L}, in order £. By Lemma 3.7, a,, = 1. Moreover, k < [|a|| <k + 1.

Suppose first that ||&|| = k£ + 1. We show that a,,_; = 1. Assume that a,,_; = 1 and
consider the vector § = (01, ..y ty—2,0,0). Obviously, B e P(Ly,) and (3 is the greatest
vector of P(Ly, ) in order £. But since 3, = 0 and p(m,n) = p(mg,n) is a critical
cardinality, we have a contradiction.

On the other hand, if a,,_; = a,, = 1, then the vectors § = (v, ..oy p_9,1,0) and
¥ = (a1, ...,an_2,0,1) are in P(L}, ), and if 0 > 7, then ¢ € P(Ly, ), ie., p(mg,n) is a
critical cardinality. Therefore, if ||&|| = & + 1, then the equality a,11 = a, = 1 is the
necessary and sufficient condition for p(mg,n) to be a critical cardinality. Since mgy + 1
must be a noncritical cardinality, then «,,_» = a,,_3 = 0, and so the vector & must have
the form

&= (o, .oy 0tp_j3,1,0,...,0,1, 1),
A
j

where 2 < 57 < n — 3. Then the numbers mg + 1,mg + 2,...,my + j — 1 are singular
cardinalities. The number of such cardinalities equals 37=7(j — 1) - 277773 ~ 2n=3,
If now ||a|| = k, ie., my = Xk, T:), then the numbers mg + j, j = 1,...,n — k, are
candidates for singular cardinalities. The number of such candidates is no more than

(";1) = 0(2"73).

The goal of the subsequent considerations is to obtain a necessary and sufficient con-
dition for K" # ().

We say that a set B is conjugate to a set A C B" if B = B\ P(A), and we write
B = A"
Lemma 4.2 The set A* is critical set for any A C B™.
Proof.
Assume on the contrary that @ € S(A*) # 0, ie., SP(a) N P(A*) = 0. Note, that
& & P(A). Then & € T'(A) \ S(A), since otherwise one has S (&) N P(A) = 0, ie.,
Sn(@) C A* and & € P(A*). Now, if for some vector 3 € S7(&) N A # () the inclusion
3 € T(A*) holds, then § € T'(A), so & € P(A), i.e., @ ¢ A*. A contradiction. 1
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Corollary 4.2.1 I'(A) \ S(A) =T'(A%).
Corollary 4.2.2 A set A is critical iff (A*)* = A.

A set B C B" is said to be P-optimal if it has the smallest possible number of
boundary points among all sets with the same number of inner points. Denote by g(m,n)
the number of boundary points of an P-optimal set B C B" with P(B) = m.

Theorem 4.2 For the existence of an m-element optimal critical set A C B™ it is nec-
essary and sufficient that m — p(m,n) = g(2" — m,n).

Proof.

If A is an optimal critical set, then |[I'(A)| = m —p(m,n), I'(A) = ['(A*), B"\ A= P(A"),
|P(A*)| = 2™ —m and A* is a P-optimal set, which implies the necessity of the condition
in the Theorem.

If B is a P-optimal set and |P(B)| = 2" — m, then I'(B) = T'(B*), B* \ P(B) = B*,
|B*| = m and B* is an optimal critical set.

Therefore, the problem of finding optimal critical sets reduces to the problem of finding
P-optimal sets and conversely. In fact, the both problems are equally complex, as the
results in the next Section show. However, in some cases, especially for small n, Theorems
4.1 and 4.2 are very useful for finding all optimal critical sets.

5 Construction of sets in the class K7

Let A C B™ be an arbitrary critical subset, optimal or nonoptimal. We use it to construct
a set B C B™"! as follows. Let us partition the cube B"™! into two n—cubes x,,; = 0
and x,.1 = 1. We construct the set A in the subcube z,,1 = 0 by setting the (n + 1)-st
coordinate to 0 for each point & € A, and we construct the set P(A) similarly in the
subcube z,,1 = 1. Let ¢ denotes this transformation of the set A into B, i.e., B = 1(A)
and let ¢*(A) = (*71(A)), ¥°(A) = A. Using the induction on s it is easy to show that
if A C B™is a critical set, then ¢®*(A) is a critical subset of the cube of dimension n + s.
The main result of this Section is the following theorem.

Theorem 5.1 For any critical set A C B"™ there exists the number t(A) such that for
any t > t(A) the set '(A) C B"™ is a critical optimal set.

In order to proof the Theorem we need three auxiliary propositions.

Lemma 5.1 ¢(L") is a standard arrangement.

Proof.

We use induction on n. For n = 2 the Lemma may be simply verified. Let us proceed
the inductive step. Denote A = ¢ (L7"). Then A%°(n + 1) and A'(n + 1) are standard
arrangements in the respective subcubes .1 = 0 and z,,1; = 1. Moreover, |[A°(n+1)| >
|A'(n+1)|. Note that |A%(n+1,75)| > |A°(n+ 1, )] for the parts of A°(n+ 1) obtained
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when the subcube z,, is partitioned with the respect to an arbitrary coordinate z;. We
show that A°(j) and A'(j) are standard arrangements.
If z; is a coordinate such that p(|A®(n+1,7)|,n—1) <|A°*(n+1,j)| then by Lemma
3.2
P(A%n+1)) = P(A”(n+1,5)) U P(A° (n+1,)).

Consequently,
P(A®(n+1,7)) = o (A% (n + 1, 7)),

and
P(A (n+1,7)) = mpp (A" (n 41, 7)).

Then A°(j) and A'(j) are standard arrangements by the inductive hypothesis.
If x; is a coordinate such that p(|[A%(n +1,7)|,n — 1) > |A"(n + 1, )|, then

P(A°(n+1)) = m(A% (n +1,7)) U P(A (n + 1, 7)),

which gives us that A’ (n+1,7) = mp1,;,(A%(n+1,5)), ie., A%(j) is a standard arrange-
ment. Since m,.1(A(n+1)) = P(A°(n+1)), then P(A°*(n+1,5)) = o1 (A (n+1,7))
and hence A'(j) is a standard arrangement.

Therefore, A°(j) and A!(j) are standard arrangements for any j, 1 < j < n+ 1, from
which by Lemma 3.6a) and the equality m,1(A'(n + 1)) = P(A%n + 1)) we get A is a
standard arrangement. I

Lemma 5.2 Let A C B™ be an optimal set. Then B = ¢'(A) is also an optimal set for
any t > 1.

Proof.
It is sufficient to consider the case t = 1. Denote |A| = m. Then

[Bl =m+|P(A)], |P(B)| = |P(A)] +[P(P(A))]
By Theorem 3.1,
|Bl =m +p(m,n), [P(B)| = p(m,n)+p(p(m,n),n).
So in order to complete the proof we have to show that
p(m + p(m,n),n+1) = p(m,n) + p(p(m,n), n).

For this we consider the set L". Denote C' = 9 (L?). By Lemma 5.1, C = L"!

m+p(m,n)°

By the definition of 1, C°(n + 1) and C*(n + 1) are standard arrangements, i.e., optimal
subsets in n dimensions. Since P(C°(n + 1)) = m,41(C'(n + 1)) by the definition of 1,
then

[P(C)] = p(m +p(m,n),n+1) = |C'(n+ 1)+ |P(C(n +1))| = p(m, n) + p(p(m, n), n),

and the Lemma follows. 1
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Lemma 5.3 Let A be a critical set, such that P(A) is an optimal set. Then there ezists
a number t(A), such that B = " (A) is an optimal set.

Proof.
Note, that not for any number ¢ there exists an optimal set with exactly ¢ inner points.
Indeed, for example,

p((Z) +n,n)=n—1 and p((Z) +n+1,n)=n+1.

Since p(m,n) is nondecreasing on m for fixed n, there does not exist an optimal subset of
B"™ with exactly n inner points. Let |A] = m. Corresponding to the remark just made,
we consider two cases.

Case 1. Suppose that there exists an optimal subset of B™ with exactly |P(A)| inner
points. Denote by m the greatest number a such that p(a,n) = |P(A)|, and by ¥*(m) the
cardinality of the set ¥°(A), s = 1,2, .... Note that A is an optimal set iff 7= > m. Taking
into consideration Lemma 5.2, we may assume that A is nonoptimal set, i.e., m —m > 0.

a) Assume 77 is noncritical cardinality. Consequently, T + 1 is a critical cardinality,
from where, taking into consideration

[W(LL)| =7 + |[P(A)],  o(Ly) = LI

and
Lt N {(21, . 0, 0) € B} = m,

where ¢ = m + | P(A)|, one gets

[P(Lyf)l = [P(LyT)] and  [P(LY5)| > [P(Lg)|-

Therefore, ¢(m) = m~+|P(A)|+1. Since ¢»(m) = m+|P(A)|, then P(1)(A)) is an optimal
set by Lemma 5.2. From |P(L;*")| = |P(¢(A))| it follows that there exists an optimal

subset C" C B"*! with |P(C")| = |P(¥(A))|. Finally, the equalities ¢(m) = ¢+ 1 and

|P(LY)| = |P(Lp*)| imply that +(m) is a noncritical cardinality (in n+ 1 dimensions).
Consequently, applying the arguments from above to the sets (A), ¥*(A), ..., we get that

m—m—1=1vy(m)—m), ' (m)—1(m)—1=1*(m)—s(m),

ie, m—m—s=1%(m)—3(m). For s sufficiently large, the right hand side of the last
equality is negative, i.e., ¥*(A) C B"** is an optimal set.

b) Assume now that 77 is a critical cardinality. Since p(i+1,n) > p(m,n) then m+1
is also a critical cardinality. Denote by &(L?,) the greatest vector of L in order £. From
Lemma 3.7 it follows that

&(LZ,L) = (alv ooy Qpp—2, 17 07 17 L 1)7

r

where r > 1. Now we show that )(m) = m+ |P(A)|+ 1. For this consider the set t)(LL).
We have that ¢(L%) = L?*" by Lemma 5.1 and

a(Ly™) = (an, ..., 0m—y—2,1,0,0,1,..., 1),

r
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for ¢ =m + |P(A)|. Since

d(LZ_tll) - (alu vy Q2,4 07 17 ) 1)

r+1

and
&(Ln+1) = (0417 vy Oy —9, Oa ]-7 ’ '17 Oa ]-)7
——

then ¢+1 is noncritical cardinality in B"*! and ¢+2 is a critical cardinality. Consequently,

plg,n+1)=plg+1L,n+1)<plg+2,n+1)

and hence ¥(m) = m + |P(A)| + 1. Now from P(1(A)) = ¥(P(A)) and Lemma 5.2
it follows that P(1(A)) is an optimal set. Since |P(¢(A))| = |P(Lyi1)| and ¢(m) is
noncritical cardinality, the proof of the lemma can be reduced to Case la) by applying

the arguments there to the set ¢ (A).

Case 2. Assume now that there does not exist an optimal subset of B" with exactly
|P(A)| inner points. Now we show that in B"™! there exists an optimal set with exactly
|P(1)(A))| inner points. This will reduce the proof of the lemma in Case 2 to Case 1.

Denote |P(A)| =t and let us show that ¢ + 1 is a critical cardinality in B™. Indeed,
p(s,n) >t > p(s — 1,n) for some number s. Let ¢ = p(s,n) and v =g —¢ > 1. Then s is
a critical cardinality in B"™ and p(s,n) — p(s — 1,n) > 2. Consequently

&(L?) = (Oél, ey Oy 9, 1, O, 1, ceny 1),

T

and so .

(LM = (o, oy nr2,1,0,1,...,1,0,1, .., 1).

(%

Therefore, t + 1 is a critical cardinality and for the reduction it is sufficient to show that
|P(¢(A))| + 1 is noncritical cardinality in B"*1.

Since P(1(A)) = ¢(P(A)) and ¢»(P(A)) is an optimal set by Lemma 5.2, then ¢(L}') =
L for w = [(P(A))|. But then

r+1
&(LZJFI) = (0517 ceey Oy p—9, ]-7 07 17 sy ]-7 07 07 17 sy 1)7
——

v

i.e. w+ 1 is noncritical cardinality, which competes the proof. I

Proof of Theorem 5.1. Denote by d(A) the greatest number d, such that Py(A) # 0. If
P(A) =0, then let d(A) = 0.

Using induction on s, it is easy to show Py(¢(A)) = ¥(Ps(A)), from which d(¢(A)) =
d(A) follows. Note that () is an optimal set and Pyay41(A4) = 0. Denote by r > 1 the
smallest integer for which P,(A) is an optimal set. Then r < d(A)+ 1. Let C = P._1(A).
Applying to C sufficiently many (n;) times transformation v, we get that ™ (C) =
P,_1(¥)"(A)) is an optimal set. Analogously, applying to A sufficiently many (ns) times
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transformation 1, we get that P,_o(¢)"*""2(A)) is an optimal set and so on r times. Since
d(¢'(A)) = d(A) and r < d(A) + 1, then t(A) = ny +ny + -+ + n, is a finite number
and ¢4 (A) is an optimal critical set (in n + t(A) dimensions). Finally, for ¢ > ¢(A) the
Theorem follows from Lemma 5.2. [

Note that "4 (A) is an optimal set of critical cardinality iff A is an optimal set of
critical cardinality. Indeed, if |A| = m is a critical cardinality and m + |P(A)| = ¢, then
(L") = L™ by Lemma 5.1. But L7, is a critical set, so L} is a critical set too, i.e. t
is a critical cardinality.

On the other hand, let 1/*()(A) = B be an optimal set. If | B| is a critical cardinality,
then p(|B°(n+1)|,n) > |BY(n+1)|, since B*(n+1) = 7,1 (P(B°(n+1))). If p(|B°(n +
1)],n) = |BY(n + 1)|, then B°(n + 1) is an optimal set by Lemma 3.2b). We replace the
sets B%(n + 1) and B'(n + 1) by standard arrangements (in n dimensions). It follows
from Lemma 5.1, that the resulting set is a standard arrangement in B"*!'. Since |B)|
is a critical cardinality, then |B'(n + 1)| is also a critical cardinality. Therefore, since
B°(n + 1) is a critical set, then |B%(n + 1)] is a critical cardinality by Lemma 4.1.

But if p(|B%(n + 1)|,n) > |B*(n + 1)|, then B%(n + 1) is an optimal set of critical
cardinality (see [1], Remark 6.2 on page 117).

Therefore, if A is an optimal critical set and A € K7 (i.e. |A] is a critical cardinality),
then |[¢'(A)| is a critical cardinality too for all ¢, ¢t > 1i.e., ¥'(A) € K" (here m' =
lw(A)]). But if A is nonoptimal set, or A € K, then ') (A) € IC:Lant(A).

Corollary 5.1.1 Let k(n) = |{m: 1 <m < 2"&K" # 0}|. Then k(n+1) > k(n). i

It follows from Theorem 5.1, that the collection of optimal critical sets of noncritical
cardinality distinguishes itself by its great diversity. In order to demonstrate this more
clearly we consider the following construction.

Let A C B™ be an arbitrary critical set, not necessary optimal. Note that such a set
may be represented (not uniquely) as a union of n-dimensional balls with radii at least
one, i.e.

A=S(a)U---US(a), 1<r;<n, 1<i<t

The simplest example of such representation is A = Uzep(a S7'(@). Moreover, any set that
is a union of such balls is critical.

We fix one of such representations of a critical set A C B™ and construct a set B C
Bt as follows. Let the cube B™*! be partitioned into two n-dimensional subcubes
Tpnt1 = 0 and x,.1 = 1. In the subcube z,,1; = 1 we construct points BZ (1 <i<t)by
setting the (n + 1)-st coordinate of 3; equal to 0, and the remaining n coordinates equal
to the same as for point ;. Let

B=S"3)U---USE(3,) C B

The structures of sets A and B have much in common. In fact B is obtained by
“extending” A in a space of large dimensions. It is useful to compare the similarity

between A and B with the similarity between the balls S™(&) C B™ and S"™'(3) C Bt
Denote by 7 the transformation of A into B, and let 75(A) = 7(757'(A)) and 7°(A) = A.
Note, that if A C B™ is a critical set, then for any ¢ > 1, the set 7/(4) C B""* is also a
critical set.
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Corollary 5.1.2 For any critical set A C B" there ezists a number q(A), such that for
any t > q(A) the set 7(A) is optimal and critical (in n +t dimensions).

Proof.
It is sufficient to show that if A C B" is a critical set, B = 7%(A4) and ¢ > d(A), then
Y(B) = 7(B), since then we may apply Theorem 5.1.

By the definition of 7, there exist balls S (&;) such that

A=JSr@), andB = J S (r(a).

i=1 i=1
It is not hard to show that ¥(A) = 7(A) iff

S

P(A) = PS5 (7(a)) (1)
i=1
If this inequality holds for A, then we pass to the consideration of the set 7(A). If (1)
does not hold, then there exists a point 4 of ¢)(A) such that

s

¥ =, m) € PA)\ U P(ST (&)
i=1
Then the (n + 1)—th entry of 7(%) equals 0 and 7,1(7) € 7(A).
Further, if (1) holds for 7(A), then we pass to the consideration of the set 7%(A). But
if (1) does not hold, then there exists a point 4; € 7(A) such that

S

€ Pr(A)\ U PS5 (7(@)))-
i=1
Then the (n + 1)-th entry of 41 equals 1 and 7,1(%;) € P(A).
Analogously, if (1) does not hold for the set 79(A), then the coordinates of

s

T € P(r(A)\ U P(S7(0))

=1

with indices n + 1,...,n + ¢ are equal to 1 and 741, ntq(F,) € Py(A). To complete the
proof it remains to observe that P,(A) = 0 for ¢ > d(A).

Theorem 5.1 and Corollary 5.2 can be regarded as ways of constructing optimal sets
in the class K.
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