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The O-calcul

Definition 1 For functions f (n) and g(n), and integer n we write
(following E. Landau):

f (n) = o(g(n)) ⇐⇒ lim
n→∞

f (n)

g(n)
= 0.

Example 1
nα = o(nβ) ⇐⇒ α < β.

The Relation o(·) is transitive, that is

f (n) = o(g(n)) ∧ g(n) = o(h(n)) ⇒ f (n) = o(h(n)),

. . . and provides a classification of functions, e.g.:

1 = o(log log n), log log n = o(log n), log n = o(nε)

nε = o(nc), nc = o(nlog n), nlog n = o(cn)

cn = o(nn), nn = o(ccn),

where 0 < ε < 1 < c.

This classification only makes sense for large n.

Example 2 Consider log n = o(n0.0001) and let n = 10100.
One has: log n = 100 but n0.0001 ≈ 1.023.

On the other hand, let n = 1010100
. Then:

log n = 10100 comparing to n0.0001 = 101096
.
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Definition 2 For functions f (n) and g(n), and integer n we write
(following P. Bachmann, 1894):

f (n) = O(g(n)) for n →∞ ⇐⇒
∃n0 ∀n ≥ n0 : |f (n)| ≤ c|g(n)|

for some constant c.

Example 3
4n3 + 5n2 − 6n + 2 = O(n3),

but also
4n3 + 5n2 − 6n + 2 = O(n10).

Definition 3 We write:

f (n) = Ω(g(n)) ⇐⇒ ∀n ≥ n0 : |f (n)| ≥ c|g(n)|
for some constant c > 0.

Obviously, it holds:

f (n) = Ω(g(n)) ⇐⇒ g(n) = O(f (n)).

Definition 4 We write for n →∞:

f (n) = Θ(g(n)) ⇐⇒
f (n) = O(g(n)) ∧ f (n) = Ω(g(n)).

Definition 5 We write for n →∞:

f (n) ∼ g(n) ⇐⇒ f (n) = g(n) + o(g(n))

⇐⇒ lim
n→∞

f (n)

g(n)
= 1.
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It holds:

nm = O(nm′
), for m ≤ m′

O(f (n)) + O(g(n)) = O(|f (n)| + |g(n)|),
f (n) = O(f (n)),

c ·O(f (n)) = O(f (n)), if c = const

O(O(f (n))) = O(f (n)),

O(f (n)) ·O(g(n)) = O(f (n) · g(n)) = f (n) ·O(g(n)),

log(1 + O(f (n))) = O(f (n)), if f (n) = o(1)

eO(f(n)) = 1 + O(f (n)), if f (n) = o(1).

Example 4 Assume |x| < 1. One has:

ex = 1 + x +
x2

2!
+

x3

3!
+ O(x4),

ln(1 + x) = x− x2

2
+ O(x3),

1

1− x
= 1 + x + x2 + O(x3),

Stirling’s Formula:

n! =
√

2πn
n
e

n
1 + Θ

1

n


 ,

nk
 ∼ nk

k!
, if k = o(

√
n),

 n

bn
2c

 ∼
√√√√√√ 2

πn
2n.

4



Basic Sums

• Arithmetic series:

n∑
k=1

k =
1

2
n(n + 1) =

n + 1

2

 = Θ(n2)

• Geometric series:

n∑
k=0

xk =
xn+1 − 1

x− 1
for x 6= 1

∞∑
k=0

xk =
1

1− x
for |x| < 1

• Harmonic series:

Hn =
n∑

k=1

1

k
= ln n + γ + o(1)

where γ ≈ 0.577 is the Euler’s Constant.

• Telescopic series:
n∑

k=1
(ak − ak−1) = an − a0

n−1∑
k=0

(ak − ak+1) = a0 − an

Example 5

n−1∑
k=1

1

k(k + 1)
=

n−1∑
k=1

1

k
− 1

k + 1

 = 1− 1

n
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Theorem 1 [1] (Master Method)
Let a ≥ 1 and b > 1 be constants, and let T (n) be an integer
variable function defined by

T (n) = a · T (n/b) + f (n)

(here n/b is either bn/bc or dn/be). One has:

a. If f (n) = O(nlogb a−ε) for a constant ε > 0, then

T (n) = Θ(nlogb a)

b. If f (n) = Θ(nlogb a), then

T (n) = Θ(nlogb a log n)

c. If f (n) = Ω(nlogb a+ε) for some constant ε > 0 and ∀n ≥ n0 :
af (n/b) ≤ c · f (n) for some constant c < 1, then

T (n) = Θ(f (n))

The Master Method is applicable not for all functions f (n)!
e.g. not for f (n) = nlogb a log n.
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Applications of the Master Method

Let
T (n) = 9T (n/3) + n.

For a = 9 and b = 3 we get

nlogb a = nlog3 9 = n2

and
f (n) = n = O(nlog3 9−ε)

for ε = 1. Therefore, the conditions of case (a.) are satisfied, and

T (n) = Θ(n2).

Let
T (n) = T (2n/3) + 1.

Since a = 1 and b = 3/2, we have

nlogb a = nlog3/2 1 = n0 = 1

and
f (n) = 1 = Θ(nlogb a) = Θ(1).

Case (b.) provides
T (n) = Θ(log n).

7



Let
T (n) = 3T (n/4) + n log n.

For a = 3 and b = 4 we have

nlogb a = nlog4 3 = O(n0.793)

and
f (n) = n log n = Ω(nlog4 3+ε)

for ε ≈ 0.2. So, the condition of case (c.) are satisfied.

Regularity condition of case (c.):

af (n/b) = 3(n/4) log(n/4) ≤ 0.75 · n log n = 0.75 · f (n)

for n sufficiently large. One has

T (n) = Θ(n log n).

If, however,
T (n) = 2T (n/2) + n log n

one has
nlogb a = nlog2 2 = n,

and
f (n)

nlogb a
=

n log n

n
= log n = o(nε)

for any ε > 0.

Therefore, the Master Method in this case is not applicable.
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Proof of the Master Theorem

We give a proof only for the case when n is an exact power of b.

Lemma 1 Let a ≥ 1 and b > 1 be constants, and let f (n) be a
nonnegative function defined on exact powers of b. Define

T (n) =


Θ(1), if n = 1
aT (n/b) + f (n), if n = bi

where i is a positive integer. Then

T (n) = Θ(nlogb a) +
logb n−1∑

j=0
ajf (n/bj).

Proof. Applying the recursion for n/b, n/b2, . . . , we get

T (n) = aT (n/b) + f (n)

= a(aT (n/b2) + f (n/b)) + f (n)

= a2 T (n/b2) + af (n/b) + f (n)

= a2(aT (n/b3) + f (n/b2)) + af (n/b) + f (n)

= a3 T (n/b3) + a2f (n/b2) + af (n/b) + f (n)

= · · ·
= ak T (n/bk) +

k−1∑
j=0

ajf (n/bj)

For k = logb n one has T (n/bk) = Θ(1) and ak = alogb n =

nlogn a logb n = n
logb n
loga n = nlogb a, so

T (n) = nlogb aΘ(1) +
logb n−1∑

j=0
ajf (n/bj) 2
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Hence, the solution T (n) depends on g(n) = ∑logb n−1
j=0 ajf (n/bj).

The proof is split in 3 cases depending on the function f (n) as in
the Master Theorem.

Lemma 2 Under the assumptions of Lemma 1, if

f (n) = O(nlogb a−ε)

for some constant ε > 0, then

g(n) = O(nlogb a).

Proof. One has f (n/bj) = O((n/bj)logb a−ε), so

g(n) = O


logb n−1∑

j=0
aj

n

bj

logb a−ε


= O

nlogb a−ε
logb n−1∑

j=0

 abε

blogb a


j


= O

nlogb a−ε
logb n−1∑

j=0
(bε)j



= O

nlogb a−ε

b
ε logb n−1

bε − 1




= O
nlogb a−ε

n
ε − 1

bε − 1




= O
(
nlogb a−εO(nε)

)

= O(nlogb a) 2
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Lemma 3 Under the assumptions of Lemma 1, if

f (n) = Θ(nlogb a)

then
g(n) = Θ(nlogb a lg n)

Proof. We have f (n/bj) = Θ((n/bj)logb a), so

g(n) = Θ


logb n−1∑

j=0
aj

n

bj

logb a


= Θ

nlogb a
logb n−1∑

j=0

 a

blogb a

j


= Θ

nlogb a
logb n−1∑

j=0
1


= Θ

(
nlogb a logb n

)

= Θ
(
nlogb a lg n

)
2
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Lemma 4 Under the assumptions of Lemma 1, if

af (n/b) ≤ cf (n)

for some constant c < 1 and for all n ≥ b, then

g(n) = Θ(f (n))

Proof. Note that af (n/b) ≤ cf (n) ⇐⇒ f (n/b) ≤ (c/a)f (n).
Iterating this inequality j times, we get f (n/bj) ≤ (c/a)jf (n), or,
equivalently, ajf (n/bj) ≤ cjf (n).

Therefore,

g(n) =
logb n−1∑

j=0
aj f (n/bj)

≤
logb n−1∑

j=0
cj f (n)

≤ f (n)
∞∑

j=0
cj

= f (n)
 1

1− c


= O((f (n))

On the other hand, since all terms in the sum for g(n) are non-
negative, g(n) = Ω(f (n)). 2
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Using the estimates for g(n) given in Lemmas 2 - 4, we can prove
the Master Theorem in the case n is an exact power of b.

Proof. (of Master Theorem)
By Lemma 1, T (n) = Θ(nlogb a) + g(n).

• if f (n) = O(nlogb a−ε) for some constant ε > 0, then using
Lemma 2,

T (n) = Θ(nlogb a) + O(nlogb a)

= Θ(nlogb a)

• if f (n) = Θ(nlogb a), then using Lemma 3,

T (n) = Θ(nlogb a) + Θ(nlogb a lg n)

= Θ(nlogb a lg n)

• if f (n) = Ω(nlogb a+ε) for some constant ε > 0 and if
af (n/b) ≤ cf (n) for some constant c < 1, then by Lemma 4,

T (n) = Θ(nlogb a) + Θ(f (n))

= Θ(f (n))

because f (n) = Ω(nlogb a+ε). 2

The Master Theorem is also true if the floors ane ceilings are used
in the master recurrence.
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