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8.1 Arc Length

Suppose a curve C is defined by equation y = f(x), where f(x)
is continuous on [a, b]. We subdivide [a, b] with points
Xo = &, X1, Xo, ..., Xpn_1, Xn = b into equal-size intervals.

If y; = f(x;) then the point P; = (x;, y;) is on C.

Definition
The length L of C is defined as

n
L= nleooZ |P;_1Pj|
i=1




For Ay; = y; — yi—1 and Ax = x; — x;_1 we get

|Pi—1Pi| = \/(Xi —Xi )2+ (Yi—Yi1)? = \/(AX)2 + (Ayi)?
By the Mean Value Theorem, for some x; € [x;_1, x;] it holds
Ay = f(x;) — f(xi_1) = F (X)) (X — xi_1) = F/(x)Ax

Thus,

PPl = (X2 4+ (8502 = /(B2 + [ () AXP
= U0 J(ax)2 = 1 (1) - Bx

Therefore, if f(x) is continuous on [a, b], then

nILmoozn: 1+ (x)2-Ax=|L= /b 1+ (f'(x))? dx
i=1 a




Example
Find the length of the curve y? = x3 between (1,1) and (4, 8).

We have d 3
_ 82 Ay _Cap
y=x ax 2X

So, the length is

L= /,/1+ 2x_/\/1+7xc/x

Substituting u = 1 4 (9/4)x, du = (9/4)x dx, we get

10
4 (10 _4 2u3/2}



If the curve is x = g(y¥) and g'(y) is continuous on [c, d] then

[ Vit [ () o

Example
Find the length of y2 = x from (0,0) to (1,1). We have

L= /,/1+ dX dy /\/1+4y2dy

We use trigonometric substitution y = } tan ¢ with dy = } sec?¢

and \/1+4y2 = /1 +tan®0 = secd. For y = 0, tan6 = 0, so

9=0.Fory=1,tanf=2,s00 =tan"' 2 = cv.




Putting all together we get

« 1 1 «
L = /sece-seczedez/ sec® 0 do
0 2 2 Jo

1
= 2 [secHtan® +In|seco + tand|]y

1
= 2 (secatana +In|sec o +tan af)

For tana = 2 we have sec?a = 1 +tan® o = 5, so sec a = /5.

Therefore,
[ = \f N In(\/§f+ 2)



The Arc Length Function
Definition
For a smooth curve y = f(x) on [a, b] let s(x) denote the arc
length from (a, f(a)) to (x, f(x)) (the arc length function)

s(x) = /ax,/1 +[P(D] ot

Example
Find the arc length function for y = x2 — % Inx from (1,1).

/ f— [ —
f(x) = 2x ~

2
14+ [f0P = 1+<2x—x> a1y



So, v/1+[f/(x)]2 = 2x + g and the arc length is
X
s(x) = 14 [f(1)]? at
(0 = [ Vi1l
X 1 5 1 X
= = —I
/1 <2t+8t> at=t +8 nz‘}1

1

2

= In 1
X"+ X

In particular, the arc length from (1,1) to (3, f(3)) is

|
s(3) = 32 §In3—1 —8+%3

Why s(x) < 0forx <17



8.2 Area of a Surface of Revolution
Cutting a circular cone with base radius r and slant length ¢
results in a plain circle sector with radius ¢ and central angle
0 =2nr/l. Its area is

Ve, 1 (2mry
A—§€9—2€ < 7 >—7rl’f

Similarly, the area of a frustum of a cone with radii ry and r. and
slant length ¢ can be found as

n+nr

A=2nl 5

In general, if a curve y = f(x) is rotating about the x-axis, we
approximate it by line segments and approximate the surface of
its rotation as the sum of cone areas
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Since f is continuous, y;_1 = y; = f(X;"), so
n
A= Zzwf(x,*) 1+ [f(x")]2Ax
i=1

and

nli_>moo§n:27rf(x,-*)\/1 + [f'(x))2PAx = /b 2rf(x)y/1 + [f/(x)]? dx
i=1 a

This leads to the formulas (fora< x < b, c <y < d)

b

S=2r / 1+ (y')2 dx (rotation of y(x) about the X—axis
i v ( (x) )
d

S=2r / 1+ (x")2 dy (rotation of x(y) about the X—axis
Y (x) ( ) )




The formulas for computing the area or rotation about the
y-axis are similar (fora< x < b, c < y < d):

b
S=2r / x\/1+ (¥')2 dx (rotation of y(x) about the y—axis
XV ¥ ( (x) )

d
S= 27r/ x1/1+ (x")2 dy (rotation of x(y) about the y—axis
XV (x) ( ¥) )




Example

Find the area of the surface obtained by rotating the curve
y =+v4—x2, -1 < x <1 about the x-axis.

1 dy 2
S = /_127Ty’/1+(dx> dx
1 X2
= / 2rV4 — x24[1 + 5 ax
1 4 —x
1
2
= 2 V4 — x2———— dx
7T/_1 V4 — x2

]

= 471'/ 1 dx = 4n(2)
1

= 8r




Example

The arc of parabola y = x? from (1,1) to (2,4) is rotated about
the y-axis. Find the area of the resulting surface.

2 2
S = /27rx1/1+<dy> ax
1 dX
2
= 271/ XV 1+ 4x2 dx
1

17
:% Vudu  (u=1+4x? du=8xdx)
5

= suvuld
= %(mﬁ — 5V5)



Alternative solution: use the inverse function x = ,/y and rotate
it about the x-axis:

S:/27rxﬂ1+ dy
:271' f“

= 7r/ Vay +1dy
1

- 17
= 4/ Vudu  (u=1+4y)
5

= S(I7Vi7-5V5)



Example

Find the area of the surface generated by rotating the curve
y = €%,0 < x <1, about the x-axis.

1 [ dy) 2
S = /0271'}/ 1+<dx) ax

1

= 27r/ eV 1+ e dx
0
]

= 27r/ Vi+uwddu  (u=¢e)

0

= 27r/ sec®0dd (u=tanh, a=tan"'e)
/4
= mw[sectant +In[sect +tand]? ,

= n[secatana +In(seca +tana) — V2 — In(v2 + 1)
= 7levi+e2+In(e+ V1 +e2)—vV2-In(vV2+1)

(since tana = e, we have seca = V1 + &?)



Example

Find the area of the surface obtained by rotating the curve
x = 3(y?+2)%2,1 < y < 2 about the x-axis.

Rewrite the equation in the form 3x = (y? 4 2)%/2, from where

we get y = /(8x)2/3 — 2.

/ 1 L2, 3 _
Theny T (3x)2/3-2 3 (8x)1/3 /(3x) 2/3 2.(3x)1/3 and

—

O = T (GrE )

((3x)%/3)2 — 2. (3x)2/3 + 1
((8x)3/3 — 2)(3x)2/3

((3x)%/3 —1)?

((8x)2/3 — 2)(3x)2/3




Therefore,

2/3 —1
— / 2/3 _
S / 214/ (3x) \/W 3%) 73 ax

v8 (3x)2/3 —1
- [P

e
= 27r/1 (@22 - 1) g : % d ((3x)2° 1)

2¥9-1

= w/ udu (u=(3x)2/3—1>
$9—1

= ... therestis just arithmetic



Alternative solution: x’ =
Hence, 1 + (x')? = y?(y?

2
322/ 1+ (x)?d

VY2 +2-2y = y\/y?

+ o=
N
+
|
<
n
+
=
w
S

= 2r [ y(y?+1)dy
1
2 2
= 277/(y2+1)d<y +1>
1 2
_ T2 212
= SR+
i
= Z(25-4)
21



8.3 Applications to Physics and Engineering

Hydrostatic Pressure and Force

If a plain surface of area A is submerged into a fluid at depth d,
then the fluid above the area has volume V = Ad and weight
m = pV = pAd. The force exerted by the fluid and the pressure
on the plain is then

F = mg = pgAd P:;:pgd

where g = 9.81m/s? is the gravitation constant. The density of
water p = 1000kg/m?>.

Important principle: at any point in a liquid the pressure is the
same in all directions.



Moments and Centers of Mass

If masses my, mo, ..., my are located at points x, Xo, ..., X, on
a line, then the moment of the system about the origin and
the center of mass of the system are defined as

n
M = Z mijX;
i=1
S MiX;
>y mi
For a 2-dim area we define the moments about the x- and

y-axes My and M, in a similar way. The center of mass is the
point (X, y) with

X =

M M
X=— y_ﬁ

n
- where m = Z mj

i=1



For a plane plate with density p bounded by a smooth curve
y = f(x) on [a, b], we subdivide the interval [a, b] with points
X1, ..., Xpn On subintervals of equal length Ax. This splits the
area below the curve into rectangles. The centroid of the i-th
rectangle is C; = (X;, 51(X;)), where X; = (x;i_1 + x;)/2.

The rectangle area and mass is f(X;)Ax and pf(X;)Ax. The
moment of the rectangle R; is then

My (Ry) = [pf(%) AXIX; = pXif (%) AX

By letting n — oo we derive the following formula

n b
M, = nlmwz;px,-f(x,-)Ax = p/a xf(x) dx
j=




Similarly, the moment of R; about the x-axis is

M(R) = o1 (5)AX] 3 1(%) = L1rG)Pax

and

M= lim > LlrRPax =14 / 100 ox

i=1

Taking into account that the mass of the area is
m=pA= pfabf(x) dx we get

X — My, [ xf(x) dx
oM [YR(x) dx

y = My _ 3 o101 o
m [2f(x) dx



Example

Find the center of mass of a semicircular plate of radius r.
By putting the origin into the circle center we have
f(x) = Vr> — x2. By symmetry, x = 0.

7 = a5 | IO o
_ 1 1/r (m)2 dx

%77’2 E —r
2 r
- 7.(_,’2/0 (I’27X2) dX
2 [, x3]"
= — | I —_ —
wre [ X 3 ]0
2 2r3  4r



Example

Find the centroid of the area bounded by the curves y = cos x,
y=0,x=0,x=m/2.

w/2
The area of the plate is / cos x dx = 1. We get
0

w/2
X = / dx_/ X Ccos x dx
A 0
/2 w/2 .
= xsinx], / sin x dx
0
. 7T
y = / ]de—1/ﬂ/zcoszxdx
2A 2 Jo
A o) a ] LI
= 4/0 (1 + cos2x) x_4[x+23|n X]o

©| 3



A similar approach works for computing the centroid of a region
between two curves f(x) and g(x). The formulas become:

1 b

Example

Find the centroid of the region bounded by y = x and y = x2.
The curves intersect at points x = 0 and x = 1. We have

1 2 371
_ ey XX 1
A_/O(x x)dx_2 3}0_



Therefore,

<I
I



Theorem (of Pappus)

Let R be a plane region that lies entirely on one side of a line ¢
in the plane. If R is rotated about ¢, then the volume of the
resulting solid is the product of the area A of R and the distance
d traveled by the centroid of R.

The proof is for a special case when R lies between curves f(x)
and g(x) and ¢ is the y-axis. We have

b
vV = 277/ x[f(x) — g(x)] dx (see Section 5.3)
= 2n(xA) = (2rx)A=dA

Example

Find the volume of the torus obtained by rotating a circle of
radius r, that is at distance R (R > r) from the center, about the
y-axis.

V = dA = (2nR)(xr?) = 2xr?R



8.4 Applications to Biology
Blood Flow

The law of laminar flow

P

v(r) = W(R re)

gives the velocity of blood that flows along a blood vessel with
radius R and length ¢ at a distance r from the central axis.

We compute the rate of blood flow (volume per unit time) by
splitting the vessel section in concentric circles of equally
spaced radii ry, 1>, ..., rh. The approximate area of a washer of
outer radius r; and width Ar is 2xr;Ar. The flow of blood across
the washer section is then

(2rriAr)v(r) = 2nnv(n)Ar



The total volume of blood across the entire vessel section is

n
> 2wnv(n)Ar
i=1
For the total amount of flux we have
n R
F = nILmOOZZTrr,- v(r)Ar = /o 2rrv(r) dr

= / 27rr r?) dr

7P 2 7
— o < N =L
= 27T477€/ (R?r —r®) dr ZUE[R 5 4}0
_ P[RR PR
o2p0 | 2 4 | 8yt

This is Poiseuille’s Law.
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