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7.1 Integration by Parts

The product rule
T 1x)900] = (g (x) + 7'(x)g(x)
implies
/ F(x)g'(x)dx + / F(x)g(x)dx = f(x)g(x)

In other terms,

/ﬁnwnmzﬂnmn—/mmmnw




Example
Find /xsinx ax.

For f(x) = x and g’(x) = sin x we have f(x) = 1 and
g(x) = —cos x, so

/xsinx dx = f(x)g(x)—/g(x)f’(x) dx
= x(—cosx)—/(—cosx)dx

= —xcosx+/cosx ax

= —xcosx-+sinx+C



For u = f(x) and v = g(x) one has du = f'(x) dx
dv = g'(x) dx, so the formula for integration by parts becomes

/udv:uv—/vdu

Example
u=x dv = sin x dx
du = dx V = —CO0S X
u dv u v v du
. AN A — =
xsinx dx = x sinxdx="x (—cosx)— [ (—cosx) dx

= —xcosx+/cosx ax

= —xcosx+sinx+C



Example
Find /Inx dx. For this let

u=Inx dv = dx
du:ldx V=X
X
One has
/Inxdx = uv/vdu
/ ax
= xlnx— | x—
X

= xInx—/dx

= xlnx—x+C



Example
Find / t2e! dt. For this let

u=r dv = el dt
du =2t dt v=-e!, hence

/tze’dtzuv—/vdu:t2ef—2/te’dt

Apply integration by parts again with

u=t dv =eldt
du = at v=el, so

/tze’dt = uv—/vdu:tzef—z/te’dt

= tPel —2(te' — &' + C)
t?e! — 2te! + 2e' + C;



Example
Compute [ €*sinx dx. Let u = ¥ and dv = sin x dx. Then

du = e* dx and v = — cos x. We apply integration by parts
twice:

/exsinx dx = —excosx+/excosx dx
= —excosx+e"sinx—/e"sinxdx
Hence,
2/e"sinx dx = —e*cosx + e sinx+ C

and ]
/ex sinx dx = Ee’((sinx —cosx)+C



Integration by parts also applies to definite integrals:

b b
| 100900 dx = 10090012 - | g)#(x) o

Example
]
Calculate / tan~' x dx. Let u = tan" x, dv = dx. Then
0

_ _ax _
du_1+x2 and v = x.

1 1
—1 “1,]] X
/ tan”' xdx = xtan x} — / 2dx
0 0 0 1 + X

1
- 1.tan11—o-tan10—/
0

X

1 +x2dx

1
™ X
= 4‘/0 T



To evaluate the last integral we use substitution t = 1 + x2,
which implies

1 2 2
X 1 at 1
_— = — —:—I
/0 1+X2dX 2 ) 7 2I‘l|l‘}1

1 1
= —(In2—-1In1) =~
2(n ni) 2In2

Putting all together,

|
“txdx— T _1n2
/Otan xdx_4 5



Example
Prove the reduction formula for an integer n > 2

. 1 . n—1 .
/sm”x ax = - cos xsin” ' x + e /sm”‘zx ax

Let u = sin™ ' x, dv = sin x dx. Then v = — cos x and
du = (n—1)sin"2 x cos x dx. Using cos? x = 1 —sin® x implies

/sin”x dx = —cosxsin™'x+(n- 1)/sin”‘2xcoszx dx
= —cosxsin" " x+(n— 1)/sin”‘2x dx
(n1)/sin”x dx
Hence,

n/sin”x dx = —cosxsin™ ' x + (n— 1)/sin”‘2x dx



7.2 Trigonometric Integrals

Strategy for taking integrals of the form /sinmxcoszk“

X ax:

/sinmxcosz"+1 xdx = /sinmx(cos2 x)¥ cos x dx
= /sinm x(1 — sin® x)X cos x dx

and then substitute v = sin x.
Example

/0033x dx = /coszxcosx dx:/(1 — sin? x) cos x dx

— /(1u2)du:u;u3+C

. 1 .
= smx—gsm3x+C



2k+-1

Strategy for taking integrals of the form / sin xcos” x dx:

/sinz’”r1 xcos" x dx = /(s.in2 x)K cos” x sin x dx

= /(1 — cos? x)¥ cos” x sin x dx

and then substitute u = cos x.
Example

/sin5xcoszx dx = /(sin2 x)? cos? x sin x dx
= /(1 — cos? x)? cos? x sin x dx
= — /(1 — U?)?Pdu = - /(u2 —2u* + u®)du
oo U

= —(3—25+7>+C, U = Cos x



Strategy for taking integrals of the form /sinzm x cos®" x dx:

. » , 1.
use half-angle identities sin x cos x = > sin2x and

. 1 1
sin x = 5(1 —cos2x) cos? x = 5(1+4cos2x)

N =

Example
/ (1 — cos2x) dx
0

/sinzxdx =
0
1 1 . T
2<x—25|n2x>}0
1 . 1 1 . T

Il
O |

N



Strategy for taking integrals of the form /tan’” x sec® x dx: If

k > 2 use sec? x = 1 + tan? x to rewrite | in terms of tan x.

Example

/ tan® xsec* x dx = tan® x sec? x sec? x dx

tan® x(1 + tan® x) sec® x dx

w1 +uv?)du  (u=tanx)

7 9
(u6+u8)du:u7+%+c

Il
_-— — Y~

’
= ?tan7x+§tan9x+c



2k+41

Strategy for taking integrals of the form / tan xsec” x dx:

use tan® x = sec? x — 1 to rewrite [ in terms of sec x.

Example

/ tan® xsec’ x dx = / tan* x sec® x sec x tan x dx
= /(sec2 x — 1) sec® x sec xtan x dx
— /(u2—1)2u6 du  (u=secx)
- /(u10 —2u® + ub) du
S o7

= W_2§+7+C (u=secx)



In other cases there are no general methods. But it is helpful to
know:

/tanx dx =In|secx|+ C

/secx dx =In|secx +tanx|+ C

Example

/tansx dx = /tanxtanzx dx = /tanx(seczx— 1)dx

= /tanxseczx dx—/tanx dx

tan? x
= 5 —In|secx|+C




Example
With u = sec x and dv = sec? x dx one has du = sec xtan x dx
and v = tan x. Integration by parts provides:
/sec3x dx = secxtanx — /secxtanzx dx
= secxtanx — /secx(seczx —1) dx
= secxtanx — /sec3x dx + /secx dx

Finally,

1
/sec3x dx = E(secxtanx+ In|secx +tanx|)+ C



For taking integrals /sin mx cos nx dx, /sin mx sin nx dx or

COS mx cos nx dx use identities:

> sinAcos B = } [sin(A — B) + sin(A + B)]
> sin Asin B = J[cos(A — B) — cos(A + B)]
» cos Acos B = }[cos(A — B) + cos(A + B)]

Example

/sin 4x cos 5x dx /;[sin(—x) + sin9x] dx

= ;/(sinx+sin9x) ax

1 1
= 3 <cosx—90039x> +C



7.3 Trigonometric Substitution

The regular substitution rule can be reversed as follows:

[ o0 ax= [ ftattng'() a

Here is a set of helpful trig substitutions

Expression Substitution

Identity
Va2 —x2 | x=asind, —5<0<Z|1-sin®0=cos?d
Va2 +x2 | x=atan, -3<60<7%|1-+tan’f=sec?d
Vx2—a2 | x=asec, 0<6<7Z |sec?d—1=tan?0
orm <0< 37”

For example, the expression v a2 — x2 becomes then

Va—x2=1/a - a?sin0 = \/a?(1 —sin®0) = a| cos 0|




Example

\/7

dx. Let x = 3sinf. Then dx = 3cos§ db,
SO0 V9 — x :\/9—93in2 = v9cos? 60 = 3|cos | = 3cosd.
V9 — x2 3cosd

2 ax

Evaluate

= 9si 293003:9 do
sin

cos? 6
= / — d9:/cot29d6
sin< 60

= /(csc29—1)d9
= —cotd—-0+C

Since sin# = x/3, § = sin~'(x/3) and cotd =

V9 — x2 /9 — x2
P = sin (B v
X X



Example
_ X2 )P _
Find the area enclosed by the ellipse 2 + =i 1. Solving the

equation for y for x > 0 and y > O results y = g a2 — x2, so

a
A= 4/ Z\/a2—7x2 dx. Substitute x = asin®9,
0

dx = acosé db, so Va2 — x2 = acosf and
a w/2
A = 4b/ \/32—x2dx—4b/ acosf-acosf db
0

= 4ab/ cos? 6 db = 4ab/ —(1+cos20) do

w/2
— 2ab [9+1sin29] —2ab( 10— o) — rab
2 0



Example

Find / B
x2V/x2 4+ 4
and v/x2 +4 = /4(tan?0 + 1) = V4 sec2§ = 2secH.

/1dx _ 1/00590,9_1/0“/
x2\/x2 1 4 4/ sin?9 4) u?

dx. Let x = 2tan 6, then dx = 2sec? 6 db

1 1
= T asng tC
X
here u = sin ). Since tanf = x/2, sinf) = ———, SO
( ) / Via
1 VX2 +4
/dx=—x++C
X2\V/x? + 4 4x



Example

ax
Find / ———— fora > 0. Let x = asec9, then
N
dx = asecftand df and

Vx2 — a2 = /a2(sec2h —1) = Va2tan?h = atané

Therefore,

/asec@tan@
atané
= In|sech +tand| + C

ax
_— de—/sece do
/\/x2—a2

Since secd = x/a, tanf = vVx2 — a%/a, and

X VX2 —a?
54—73 +C

= Injx+vx2—-a%—-Ina+C

= In

/ ax
Ny




Example

_ 3v3/2 x3 _ 5 _
Find /0 (@x2 1 9)2 dx. Substitute x = 5 tan ¢ with

df = 3 sec?0df and V4x2 + 9 = v/9tan?0 + 9 = 3sec. One

has

w/3 27 3
/3\/§/2 Xis dX — / /3 Mg Se02 9 de
0 (4x2 4 9)3/2 o 27secdh2

/3 tan3 §
- 16/ sece

3 sin® 9
- 6/ c0326

3 7r/31 00829
= = in6
/ c 20 sind do




Substitute u = cos 6, so du = —sinf df. One has

merepr ™ = s o

3 o .3 171/2
= 6/ (1—u“)du= 16[U+u]1

i (2+2) -0+

dx. With direct substitution u = x2 + 4

3v3/2 x3 3 /24 _
b

ou‘w

Example

Find / X
VX2 +4
(du = 2x dx) we get

X
X =Y urc=VxeiascC
/\/x2+4 f vu



Example

Evaluate / R S

V3 —2x — x2
square under the root sign: 3 — 2x — x> =4 — (x + 1)2. Then
substitute x = u —1:

dx. Our approach it to complete the

u-—1

/de—/xdx—/dx
V3 —2x — x? Va—(x+1)2 V4 — 1P
Now let u = 2sinf: du = 2cos 8 df, V4 — u?2 = 2cosf

\/Z%dex - /%20039@9

= /(23in9—1)d0:—20039—9+c
= —Va—12—sin"Y(u/2)+C

= Vaax s ¥ 21 e




7.4 Integration of Rational Functions

Rational function is a ratio of polynomials. We express it as a
sum of simpler functions, called partial functions, e.g.

X+5 2 1
/x2+x—2dx - /(X—1_X—|—2> dx

= 2Injx—1|-In|x—-2|+C

We express a rational function f(x) = gg‘(; as a sum of simpler

fractions provided deg(P) < deg(Q) (proper function). If f(x) is
improper we use long division to write it as

f(x) = Zg(; = S(x) + gg)):; where deg(R) < deg(Q).
For example,
x3 4+ x 2
x—1 :(X2+X+2)+x—1



Next step is to factor Q(x) as a product of linear polynomials
and (maybe) irreducible quadratic factors (this is always
possible!).

Q(x) = (X2 —4) (X2 +4) = (x — 2)(x + 2)(x® + 4)

Third step is to express the proper rational function P(x)/Q(x)
as a sum of partial functions of the form

A or Ax+ B
(ax + b)! (ax2 + bx + 1)/

Case 1: Q(x) is a product of distinct linear factors
Q(x) = (a1x + by)(axx + bo) - - - (akx + by)

Then




Example

X2 +2x —1
Evaluate dx. The denominator is
val 2x3 + 3x2 — 2x X ! I

2x3 +3x% — 2x = x(2x® + 3x — 2) = x(2x — 1)(x + 2)
So, we are looking for A, B, C such that

X2 +2x — 1 —é—l— B N C
2x3 +3x2-2x x 2x—-1 x+2

Bring both parts to a common denominator:

x2+2x -1 = A@x —1)(x+2)+ Bx(x +2) + Cx(2x — 1)
= (2A+B+2C)x*+(3A+2B - C)x — 2A

We get a system of linear equations to determine A, B, C



2A + B + 2C = 1
3A + 2B — C =
—2A = -1

from where we get A=1/2, B=1/5,and C = —1/10, so

/ X2 4+ 2x — 1 o — /1+ 1 B 1 dx
2x3 + 3x2 — 2x B 2x  5(2x—1) 10(x+2)
In|x\+ln\2x—1|_ln|x+2|

2 10 T

Example
Find / % for a # 0. By method of partial fractions:
X% —a
1

1 A B

x2—a& (x—a)(x+a) x—a+x+a



Hence,
Ax+a)+B(x—a)=1
For x = awe get A(2a) =1,s0 A= 1/(2a).
Also, for x = —awe get B(—2a) =1, s0 B= —1/(2a).

Therefore
x 1 LI R
x2—g  2a x—a x+a
1
= — —al -1
2a(ln|x a—Injx+a)+C
= lIn X~al. ¢
2a |x+a




Case 2: Q(x) contains a repeated linear factor

If some linear factor (a;x + by) repeats r times, instead of the
single term Ay /(a1 x + by) we use
A A A
aix+ by (ajx+ by)? (a1x + by)r

For example:

1 A B C D E
x2(x—1)3  x




Example
4 _py2
Find/x 2 T ax g
x3 —x2 —x+1
The first step is to obtain a proper rational function:

x“—2x2+4x+1_(x+1)Jr 4x
x3—x2—x+4+1 x3—x2 — x4 1

The second step is to factorize Q(x):

XB-x2—x+1 = (x=1D)2-1)=x-1)(x-1)(x+1)
= (x—1>2(x+1)
The fractional decomposition would be of the form

4x A n B n C
3—x2—x+1 x—-1 (x—1)2 x+1




Multiplying it by the least common denominator (x — 1)?(x + 1)

4x = A(x—1)(x+1)+B(x+1)+C(x —1)?
= (A+C)x*+(B-2C)x+(-A+B+0)
This way we get a linear system to find A, B, C:
A + C =0
B - 2C = 4
-A+ B+ C =20

from where A=1, B=2, and C = —1 follows. Hence

x4 —2x2 4+ 4x + 1 1 2 1
= 1 — ax
/ x3 —x2 — x+1 dx /[X+ Jrx—1+(x—1)2 X+ 1



2
2

2
X2 2 x—1

= —+X+-— +1In +C
2 X —1 X+ 1

Case 3: Q(x) contains irreducible distinct quadratic factors

If the irreducible factor is ax? + bx + ¢ then we get the term of
the form (Ax + B)/(ax? + bx + ¢). For example,

X A Bx+C Dx+E

X—2) 01114 x—2 x2+1 " x2+a




The quadratic terms can be integrated by completing the
square (if needed) and using the formula

[ (50

Example

2

— 4 . . .

Evaluate / X —x+4 dx. First, rewrite the function as
X3 +4x

2x*—x+4 A Bx+C
x(x24+4)  x  x24+4

Multiplying both parts by x(x? + 4) results in
2x2 —x+4=AX2+4) + (Bx+ C)x = (A+ B)x® + Cx + 4A

which implies A=1,B=1,and C = —1, so



/2x2—x+4dx B /(1+x—1> dx

X3 + 4x N X Xx2+4
B ax X dx ax
- /x+/x2+4‘ X214

1 2 1 4 X
In\x|+§ln(x +4)—§tan §+C

To evaluate the second integral in the middle line we used
substitution u = x? + 4 with du = 2x dx.

Case 4: Q(x) contains repeated irreducible quadratic factor
If some factor ax® + bx + ¢ repeats r times we get for it the sum

A1 x + B Asx + B> n n Arx + By
ax2+bx+c (ax?2+bx+c)? (ax? + bx + ¢)"




For example,

x3 4+ x2 +1 _é+ B N Cx+D N
x(x =2+ x+1D)(x2+1)28  x  x—1 x24+x+1

Ex+F+ Gx+H n Ix+J
x2+1  (x24+1)2  (x2+1)3

Example
_ _ 43
Find / 1-x + 2X X dx. The partial decomposition is

1—x+2x2—x3_é+BX+C Dx + E
x(x2+1)2 x  x2+1  (x2+1)2

If we equate coefficients we get the system

A+B=0 C=-1 2B+B+D=2 C+E=-1 A=1



.. whose solutionisA=D=1,B=C=-1,and E =0.

Putting all together,
/1—x—|—2x2—x3 dx—/ 1 x+1 L X dx
x2+1)2 B X X241 (x2+1)2
_/ /xdx_/dx+/ X dx
B X2 +1 X2 +1 (x2 +1)2
1
]

== |n|X‘—§|n(X +1)—tan X—m—FC




Rationalizing substitutions

Some non-rational functions having expression of the form
{/g(x) can be rationalized by using substitution u = {/g(x).

Example
Fin d/ X+4 dx. Letu=+v/x+4,s0x =% —4, dx = 2u du.
YA o
X+4dx :/ 2u du = / u du
X w2 —_4 5 _
:2/<1+ >du— /du+8/ d“
1 u—2
= 2u+8-ﬁln U+2‘+C
\/x+4—2’
= 2Vx+4+2In|—— C
A Wy It




7.5 Strategy for integration

There is no step-by-step procedure for taking any integral. In
fact, anti-derivatives of most of elementary functions are not
elementary functions.

Anyway, try the following steps:

Simplify the integrand, if possible

Look for a substitution

Classify the integrand in terms of sections 7.2 - 7.4
Try to integrate by parts

ok wn =

Try all the above again



7.8 Improper integrals
Defitnition
If/ f(x) dx or/ f(x) dx exist Vt > 0, then
a t

/:Of(x) dx = I|m / f(x
/_i; f(x)dx = t_lir_noo/t f(x) dx

provided that the limits exist, in which case the corresponding
integral is called convergent and divergent otherwise.
If both limits exist, we define (a can be any)

/Zf(x) dx:/lf(x) dx+/:of(x)dx

Those are improper integrals of Type 1.



Example
0
Evaluate / xe* dx. We integrate by parts, u = x,

o
dv=e"dx,sodu=dx,v=e

0 0 0

/ xe¥dx = lim / xe* dx = lim xe*|? —/ e~ dx

—00 t——o0 t t——o0 t
= lim (~te'—1+e)=-0-1+0=—1
t——o0
Example
Evaluate / 1 dx. With a = 0 we have
oo 1+ x2

/OO 1 dx—/o ! dx+/oo1dx
Lo 1 x2 T o1+ x2 o 1+ x2

We work out the integrals separately.



t 1 t
lim / —— dx = lim tan~" x}
t=oo Jo 14+ X t—o0 0

lim (tan~"t —tan~'0) = lim tan~"t =
t—o0 t—o0

0 1 0
= lim / —dx=lim tan_1x]
t——o0 J¢ 1+ X f=—o0 t

= lim (tan"'0—tan"'¢)

t——o0

™

2



Example
> 1

For what values of p is the integral / ) dx convergent?
1

/1m:|m/1m:mx ] (p#1)
1 1 1

XP t—oo J1 XP t—oo —p + 1

e

> 1 L if p > 1
Hence,/ —adx=< p-1r 1 p=
1 XP lim; oo ' P — 0, ifp<1
> 1 . L
Forp=1it hoIds:/ — dx = limIn |x} = lim Int = oo.
1 xP t—o00 1 t—o0

. 1 .
Therefore, the integral / %P dx is convergent for p > 1.
1



Type 2: Discontinuous Integrals
Definition
If f is continuous on [a, b) and is discontinuous at b, then

/ab f(x) dx = lim /at f(x) dx

t—b—

If f is continuous on (&, b] and is discontinuous at a, then
b b
/ f(x) dx = lim / f(x) dx
a t—at J¢

provided that the limits exist, in which case the corresponding
integral is called convergent and divergent otherwise.
If f has discontinuity at ¢, a < ¢ < b, and both limits exist, then

/abf(x) dx:/acf(x) dx+/cbf(x) dx



Example

5
1
dx = lim ax = I|m 2V x
/2 X —2 t—2+ \/x_

tirgZ(\f—\/t— ):2f

Example

t—0+

= lim xInx} /dx
t—0t
= lim@{In1—tint—(1—-1))= lim(—=tint—1+1)
t—0+

t—0+
Int , 1/t .
= 1= —1=lim(-t)—1= -1
t|—|>0+1 /t t—0t —1/t2 t—l>rg+( 2

’
/Inxdx = Ilm/lnxdx (u=Inx, dv = dx)
0




Example

/3 dx _/1 dx +/3 dx
0 x—1 o 0 x—1 1 x—1
However,

T odx : L dx :
= lim = limIn|x —1] = —c0
o X—=1 t=1=Jo x—=1 =1~

So, we do not need to evaluate the second integral and the
original one is divergent.

Erroneous calculation

1
/ dx =Injx-12=In2-In1=In2
o x—1

because the integral is improper and must be split into two
integrals.






Comparison Theorem

Theorem
Suppose f and g are continuous and f(x) > g(x) > 0 for x > a.

[e.e] o
> If / f(x) dx is convergent, then so it is / g(x) dx
a a

[e.9]

> If / g(x) dx is divergent, then so it is / f(x) dx
a a

Example

o0 2 1 2 oo 2
/ e X dx = / e X dx+ / e X dx
0 0 1

The first integral is ordinary. The second one is convergent
oo

since e X > e~ for x > 1 and / e ¥ dx is convergent.
1



Example
o0 —X
The integral/ 1+e
;

dx is divergent because

1+e*
X

and/ %dx is divergent.
1

> for x> 1

x| =
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