Outline

Section 11: Infinite Sequences and Series
11.1 Sequences
11.2 Series
11.3 The Integral Test and Estimates of Sums
11.4 The Comparison Tests
11.5 Alternating Series
11.6 Absolute Convergence. Ratio and Root Tests
11.7 Strategy for Testing Series
11.8 Power Series
11.9 Representation of Functions as Power Series
11.10 Taylor and Maclaurin Series
11.11 Applications of Taylor Polynomials



11.1 Sequences
A sequence is a list of numbers written in a definite order

a4,as,...,dan,...
The sequence {ay, ay, ... } is also denoted by {an} or {an}> ;.
Example

{ n }Oo {0,1,v2,V3,...,v/n,...}

Example
The general term of the sequence

3 4 5 6
5 25°125' 625"

n_yn+2
5n

is obviously
anp=(-1)



Definition
A sequence {ap} has the limit L and we write

lim a,=1L or an— Lasn— oo
n—oo

if for every € > 0 there is N such that
|an — L| < e¢ whenever n> N

If the lim exists the sequence is called convergent and
divergent otherwise.

Theorem
Iflimy_ f(x) = L and f(n) = a, thenlim,_,» a, = L.

Example
The sequence 1/n" is convergent for r > 0 and divergent
otherwise.



Definition
lim,_- an = oo means that for every positive M there is an N
such that

an> M whenever n> N

We say that {a,} diverges to infinity.

If {an} and {b,} are convergent and c is a constant then
lim (a, + by) = lim a,+ lim by
n—oo n—oo n—oo

limc-a,=c- lim a,

n—oo n—oo

lim a,b, = lim a,- lim by

n—oo n—oo n—oo

. an . , .

Jm o = fim_an  im bn it lim bo #0

c
lim ag:[lim an] if c>0anda, >0
n—oo n—oo



The following theorems can be adopted from functions to
sequences
Theorem

Ifa, < b, < ¢y, andlimp_o @n = limp_o, €h = L then
Ilmng)oo bn = L

Theorem
Iflimp_c |@n| = 0 thenlim,_,. a, = 0.

Example
Find limy_ oo ﬁ One has

: n . 1 1
lim = |lim T = - 3
n—oo N+ 1 n—>c>o1_|_ﬁ 1+I|mn—>ooﬁ




Example

n
m —— =i =
n—oo /10 4+ n n—oo i—i-m >
n? n
Example
Inn . Inx . 1/x .
lim — = lim — = lim 1/x =0 (I'Hospital’sRule)
n—oo N x—o00 X n—oo 1
Example
The sequence a, = (—1)" is divergent.
Example
(=) : —1)" .1
IIm( ) =0 since IIm'( ) = Ilim -—=0
n— o0 n n— o0 n n—oo N




Theorem
Iflimy_o an = L and f is continuous at L then

lim f(an) = f(L)

n—oo

Example

lim sin(w/n) = sin <nli_)moo(7r/n)) =sin0=0

n—oo

Example
For the sequence a, = n!/n" we cannot apply the 'Hospital’s

rule. However,
1(2.3.....,7) 1
O<ap=—-—m | < =
n\n-n----- n n

Hence, lim,_, a, = 0 by the Squeeze Theorem.



Properties of exponential functions imply

oo, ifr>1
lim r"=¢ 1, ifr=1
e 0, f0<r<1

Hence, {r"} is convergent for —1 < r < 1 and divergent for all
other values.

Definition

A sequence {a} is called increasing if a, < a1 foralln > 1.

It is called decreasing if a, > a,, 1 forall n > 1. A sequence is
called monotonic if it is either increasing or decreasing.



Example
The sequence {%} is decreasing because

3 3 3
n+5~ (n+1)+5 n+6

Example
The sequence a, = 2+1 is decreasing because an. 1 < an is
equivalent to

n-+1 n

— 1<nm+n

(n+1)2+1 < n2 + 1
AIternativer, the sequence is decreasing because the function

f(x) = x2+1 is decreasing:

f,(X)_x2+1—2x2_ 1 - x2
- (X2+1)2 _(X2+1)2

<0



Definition
A sequence {an} is called bounded above if there is M such

that
an<M forall n>1

and bounded below if there is m such that
m<a, forall n>1
If {a,} is bounded above and below it is called bounded.

Example

The sequence {5} is bounded since its general term a,
satisfies 0 < ap < 1 In this case 1 is its least upper bound.



Theorem
Every bounded monotonic sequence is convergent.

Proof.

If {a,} is increasing bounded, by the Completeness Axiom it
has a least upper bound L. Since L — ¢ is not an upper bound
and {an} is increasing then L — ¢ < a, < L whenever n > N for
some N. Thus, lim,_. an, = L.

The proof for decreasing sequences is similar. O]

Example

The sequence a, =1 — 15 is increasing and bounded by 1.
Hence, it is convergent. Moreover, lim,_, .. ap = 1



11.2 Series

For a sequence {a} the following sum is called series:

o0
Za,-:a1+a2+---+an+---

i=1

Definition
Given a series Y _;°, a;, let s, denote its partial sum:

n
s,,:Za,-:a1+a2+~~-+an
i=1

Is the sequence s, is convergent to a real number s then the
series > a; is called convergent and s is called its sum.
Otherwise, the series is called divergent.



Example
Geometric series for a # 0:

o0
atart+arf+ar’+--+ar" 4. =) ar
i—

If r = 1 the series is obviously divergent. For r # 1 we have:

s, = a+ar+ar®P+---+ar"’
rs, = ar+ar’+---+ar" ' +ar"
.
So, s, — rs, = a— ar” and s, = 21=") Therefore, the

1—r
geometric series is convergent if |[r| < 1 and

N a
dart = T <t
i=1 B



Example
Is the series >_0° , 22" 3'=" convergent or divergent?
We rewrite the general term in the form ar"~':

n—1
2n a1—n _ (52\" a—(n-1) _ 4" _ 4
220 3 (2) 3 a7 =4 3

So, a=4 and r = 4/3. Since r > 1 the series is divergent.

Example
Show that the series 324 o n+1) is convergent and find its
sum. One has

o3 oy (o )y
”_i:1i(i+1)_i:1 ii+1) n+1

Hence, the series converges to 1 because

) . 1
Aim sp = lim_ <1 - +1) 1



Example
Show that the Harmonic series is divergent

o0

1 1 1

21:1+—+—+—+---

c=n 2 3 4
We have
Sy = 1+%
S4 = 1+1+(1+1>>1+1+(1+1>:1+
2 3 4 2 4 4
0= e (b d) s (Tegaded
2 3 4 5 6 7 8
> 1+1+(1+‘)+(1+1+1+1 14
2 4 4 8 8 8 8

Similarly, spn > 1+ 7, so the series is divergent.



Theorem
If the series Y "> , a, is convergent then lim,_,., a, = 0.

Proof.
Fors,=ay+ax+---+ ap,we have a, = s, — S,_1. Since }_ an
is convergent, s, is convergent to some number s. One has

lim a,= lim (s, —s,_1)= lim s,— lim s, {=5s—5=0
n—o0 n—oo n—o0 n—oo
L]
Corollary

Test for divergence: iflim, .., an # 0 or does not exist, then
the series is divergent.



Example
The series > ° , 5n2 7 Is divergent because
2
: , n 1
A=l sz =570

Note that the Test for convergence only works in one direction
and its converse is not true, in general.

Example

The Harmonic series >"5° ; 1 passes the Test for convergence

. 1
lim a,= lim —=0
n—o0 n—oo N
However, the series is divergent. On the other hand, the series
P # also passes the Test and is convergent.

lim a,= lim — =0

n—oo n—oo n2



Theorem
If>" an and )’ b, are convergent series, then so are the series
cap (c is a constant) and > (an £+ bn). Moreover

> Z cap = CZ an
n=1 n=1
> Y (antbr) =Y an+> by
n=1 n=1 n=1
Example
) > 1
Find the sum of the series Z 3 + 5n
= \n(n+1

)
For the sum of geometric series, "> ; 2= = 1. Furthermore,

2 ) )

n=1

So, the total sumis 3+ 1 = 4.



11.3 The Integral Test and Estimates of Sums

Theorem

Suppose f is continuous, positive, decreasing on [1,00) and let
ap = f(n). Then the series > o4 an is convergent iff the
improper integral [, ; f(x) dx is convergent.

Proof.
The proof follows immediately from the inequalities

n n
/ f(x)dx+an§a1+a2+~~+an§a1+/ f(X)dX
1 1

Note that for convergent series Y77, f(n) # [;° f(x) dx, in
general. For example,

1 2 1
;#:6 whereas /1 de:1



Example

S, I is divergent because

*n . tln _ (Inx)2]"
/ —de = lim / —de: lim (In x)
1 X twoo J1 X n—oo 2 1
_(Int)?
o tlngo 2

Example

For what values of p is the series >_7° ; 15 convergent?
The series is obviously divergent for p < 0. If p > 0 then
f(x) = 1/x is continuous, positive, and decreasing. As we
already know

1
/ %P dx is convergent only for p > 1
)

So, the series is convergent for p > 1, otherwise divergent.



Estimating the Sums of Series

Assume ) ap = ) f(n) is convergent series and we want to
find an approximation for its sum s. For this we estimate the
remainder

Rn=8—Sy=ap1 +ap2+--

By using a similar approach as in the Integral Test Theorem,

/noo f(x)dngf,,g/oof(x)dx

+1 n

Example

Estimate the error of approximation of ~(1/n2) with sy.
With f(x) = 1/x3 we get

[0 [T i (e )=
n X3 oo | 2x2 n_t—>oo 212 2n2 ) 2n?



Therefore,

1 1 1 1
Z—s =13ttt e © 11975

For the remainder it holds

°° dx 1
< _— = — = U.
Rm/n 5 = 5 1gz = 0-005

How many terms of the sum should we take to reach the
accuracy 0.0005?

The inequality R, < 0.0005 is equivalent to 5> < 0.0005 from
where n > 32 follows.



A better approximation to the sum > a, follows from
S + R, = s and the estimates of R, from above:

o0

sn+/ f(x) dxgsgsn+/ f(x) dx
n

+1 n

Example
To estimate >_7° ,(1/n%) we apply the above formula with

n=10:
s +/OOdX<S<S +/oodx
10 —= S 8= S0 —
1 x3 10 X3

from where we get

S10 + <8< S0+

1 1
2-112 — 2102
Using s1g =~ 1.197532 we obtain

1.201664 < s < 1.202532

Hence, the sum is approx. 1.2021 with error < 0.0005.



11.4 The Comparison Tests

Theorem
Suppose that > a, and > b, are series with positive terms.

» Ifa, < by for all n and ) by is convergent then ) an is
convergent.

» Ifa, > by for all n and Y b, is divergent then " an is
divergent.

Proof.
n n o0
Denote Sp = Z a; th = Z b; t= Z bi—1
=1 =1

» Since s, and t, are increasing, s, < t, and s, < t. By the

Monotonic Sequence Theorem ) a, is convergent.
> Slnce an Z bn, Sn Z tn. ThUS Sp — 00.

O



Most of the time the power series > 1/nP (convergency for

p > 1 only) or geometric series are used for comparison.
Example

Investigate the series >, , m for convergency. One has

5 5 > 5 5 1
_ < — d I _
o2 +4n+3 22 " ;2n2+4n+3_2;n2

Since > # is convergent, so is the series in question.

Example

Investigate the series >, , '”T” for convergency. One has

Inn

>
2 forn=#3

S|=

Since the Harmonic series ) ,17 is divergent, so is the one in
question.



Theorem
Suppose > a, and > by are series with positive terms. If

for some finite ¢ > 0 then either both series converge of both
diverge.

Proof.
Since an/b, converges to c, for large n > N and some m, M
with m < ¢ < M we have

m<?<M — mb, < an, < Mbp, forn> N
n

If > b, converges, so does » . Mb,, hence > a, converges by
the Comparison Test.

Similarly, if > b, diverges, so does ) mby, hence > a,
diverges.



Example

. . =2r%+3n
Investigate the series > 5+5 for convergency.
+n
n=1

N

The dominant terms of the numerator and denominator are n?
and n®, respectively. This suggests taking

2 +3n 2t 2

e TR e

im @ _ m 2m +3n n'/2 i 2n°/2 4+ 3n1/2
n—oo bn T oo V5 + n° 2 T oo 25 + n°
243 2+0
= lim

mm2¢%+1:2¢0+1:

Since Z iz is divergent, so is the series in question.



Estimating Sums

If >~ a, and > b, pass the comparison test, a, < b, and >_ by
is convergent then R, < T, where

Rn = S—Sn:an+1—|—an+2+
Th = t—tn:bn+1+bn+2+“‘

If > bp is geometric series, it is easy to estimate the Ry,.

Example
For the series > 1/(n® + 1) and >_ 1/n® we have

> dx
1/(n® + 1 1/n8. Earli h dT</:.
/(n° 4+ 1) < 1/n°. Earlier we showed T, < 3@ o
Hence for the remainder term of the first series one has
1

< T, < _——
R”—T”—Zn

For n =100, R, < 0.0005 and 51%% 1/(n® + 1) ~ 0.6864538
with accuracy 0.0005.



11.5 Alternating Series

An alternating series is a series whose terms are alternately
positive or negative. Example:

1 1 1 1 A1 S hoqd
T=3tg gts gt =N

n=1

Theorem

If the alternating series Z(—1 )"~ b, satisfies
n=1
> bni1 < bp, forall n

» lim b, =0
n—oo

then the series is convergent.



Proof.
We first consider the even partial sums

S = bi—b>0
S4 = S2+(b3—by)>s
Son = Sppn_2 + (bop—1 — b2p) > Sop_2

On the other hand,
Son = by —(bg—bs)—(b4—b5)—"'_(b2n—2_b2n—1)_b2n < by

Since s, is increasing and bounded it is convergent:
limp_ 00 Son = s for some s. For the odd partial sums we have:

(S2n + b2nt1)

= |lim sop+ lim b2n+1
n—oo n—oo

= s+0=s

lim s = |lim
n—oo 2n+1 n—oo

Hence, for any partial sum we have lim,_,., s, = s. O



Example
The alternating Harmonic series i w
° n=1 n

is convergent

because
> b1 < by is equivalent to 14
> Ilmn_)oo bn = Ilmn_>oo 1/[7 = O

1
<7

Example

X q4\n
For the series Z m we have

n=1

im by — lim > _3
n—o0 n_n—)oo4n—1 _4

£0

Hence, the previous theorem is not applicable. However, since
the following limit does not exist, the series is divergent:

im a — lim (-=1)"3n
nl~>ooan o n|~>oo 4n —1



Estimating Sums

Theorem

If s =5 (—1)""'b, is the sum of alternating series such that
> bpy1 < bp
> limpsoobp =0

then

|Rn| = |8 — sn| < bpyt

Indeed, since s, is larger than all even partial sums and smaller
than all odd ones,

|S — Sn| < [Sny1 — Sn| = bpyd 0

Example

Compute Y22 ,(—1)"/n! correct to 3 decimal places. The
conditions of the theorem are satisfied. Since b; < 0.0002,

|s — sg| < b7 < 0.0002

So, by summing up the first 6 terms we get s ~ 0.368056.



11.6 Absolute Convergence. Ratio and Root Tests

Definition

A series ) ap is called absolutely convergent if the series of
absolute values ) |ap| is convergent.

If the series is convergent but not absolutely convergent, it is
called conditionally convergent.

Example

, -1 ,
The series Y 2, ( 1n)2 is absolutely convergent, since the
power series y - # is convergent.

Example

We know that the series )77, (*1,)7"_1 is convergent. Since the
Harmonic series 37, 1 is divergent, the series is conditionally
convergent.




Theorem
If a series > an is absolutely convergent, then it is convergent.

Proof.
Note that 0 < a, + |an| < 2|ap|. The series Y 2|ap| is
convergent and so is ) (an + |an|) by the Comparison Test. So,

oo
Za” = Z (an + lanl) — Z |an|
n=1 n=1

Hence, the series Y7, a, is convergent. O

Example

Show that the series >"°° , cos n/n? is convergent.
The series has positive and negative terms but is not
alternating. We apply the above theorem:

°° cosn \cosny 1
‘ ‘_ Sz:n2

n=1



The Ratio Test

Theorem
> If nli_)moo "”;—j = L < 1, then the series )", , an is absolutely

convergent (hence, simply convergent).

> If lim |Znet

n—oo

divergent.

= oo, then the series is

=L>1or lim
n—oo

ant1
n

Proof.
For the first statement, choose r such that L < r < 1. Then

a
;+1 <r & apst| < lan|r whenever n>N
n
So, [an41] < lanlr [ante| < lawlr?, - anys| < lan|rs.

oo N oo N oo
Hence, Y lanl=> an+ > lants| <> an+lan ) r°
n=1 n=1 s=1 n=1 s=1



Example

. 3 .
The series > ;(—1)"%5 is convergent because

3
G (n+1)® 3

ant1 . 3n+ 9
a, | g; gt 3
1 /n+1\° 1 1\ 1
= 3< n>_3<1+n) —>§<1
Example

The series Y 72, 77—',’ is divergent because

(n+1)™ ni
(n+ 1)1 " nn

(n+1)(n+1)" n
(n+1)n "

n n
_ (”“) :<1+1) Ses1
n n

an41
an




The Root Test

Theorem
> If nlim {/|an| = L < 1 then the series ) a, is absolutely
oo n=1
convergent.
> If nlim {/|an| = L > 1 then the series ) an is divergent.
oo n=1
. an o . . n o .
If nILmOC “atl =1 (resp. if nleoo {/|an| = 1), then the Ratio Test

(resp. the Root Test) is inconclusive.

Example
o0 n
The series 3 (ggig) is convergent because
n=1
W—2n+3—2+%—>2<1
nj| — - 2 "
3n+2 342 3



11.7 Strategy for Testing Series

1. Apply the Test for Convergence: lim,_, a, = 0.

2. If a series is similar to power series > # or geometric
series > /%, try the Comparison Tests.

3. For alternating series try the Alternating Series Test.

4. For series involving factorials and other products try the
Ratio Test.

5. For series of the form (a)", try the Root Test.
6. If nothing works, try the Integral Test.
7. Try again harder :)



11.8 Power Series

Power series is a series of the form
o0
D cnx" = o+ C1X + CoX® + Cax® -+
n=0

The following series is called power series centered in x = a:

o0
Y cnx—a)'=co+ci(x—a)+ca(x—aP+--+

n=0
Example
For what values of x does the series ), , (X_ns)n converge?
ani1| _ (X_S)n+1 n _ 1 _ _
a, || nx1 x—ay iximX 8l ix=s

So, the series is convergent if | x — 3| < 1,i.e. for2 < x < 4.



Example

For what values of x does the series ).~ ; n'x" converge? We
use the ratio test for x # 0:

(n+4 1)1x"1
nixn

an+1
an

= lim

n—oo

lim

n—oo

= lim (n+1)|x| =

Hence, the series is convergent for x = 0 only.

Example
For what values of x does the series Y~ ° o ‘5oz
We also use the ratio test:

(=1)"x2n

A2 converge?

ani1 (_1)n+1x2(n+1) 22n(n!)2
an 22(n+1)[(n+ 1)|]2 : (_1)”X2n
2
X
= 74(n+1)2_>0<1

Hence, the series is convergent for all x.



Theorem
For a given power series > " , cn(x — a)" there are only 3
possibilities:
» The series converges only for x = a
» The series converges for all x
» There is a number R > 0 such that the series converges if
|x —a|l < Randdiverges if|x —a| > R

In the last case the number R is called radius of convergence.

The convergence at points x = a+ R is not specified by the
theorem and must be investigated separately.

The range of x for which the series is convergent is called
interval of convergence.



Example

Find the radius of convergence and interval of convergence of

the series 357 o Z&H2)" We have

(n + 1)(X + 2)n+1 3n+1
3n+2 n(X + 2)

B 1\ |x + 2] |x + 2|
- <1+n> 3 3

By the ratio test, the series converges if |[x +2|/3 < 1, that is
|x + 2| < 3, and diverges if |x + 2| > 3. Hence, the radius of

convergence R = 3.

The inequality |x + 2| < 3 is equivalentto —5 < x < 1. At the
endpoints x = —5 and x = 1 the series becomes

n3" 1
Z 3n+1 32 and Z;)(W:SZ(:)”
n= n=

In either case the series is divergent at the endpoints.

an+1
an




11.9 Representation of Functions as Power Series

One of fundamental representations is already known to us:

1
1 x+x2 X8 x" x| <1
=X Z x|

We can use it in many other cases.

Example
Express 1/(1 + x2) as the sum of power series. One has

4_X6

M 8
3
%’
><l\)
+
>

n:1

The interval of convergence is |x?| < 1, that is, |x| < 1.



Example
Express 2+X as the sum of power series. We have:

1 1 1
2+x  2(1+3) 2[f —( 2)]
)"

- 22(_*) gznﬂ

The interval of convergence is | — x/2| < 1, that is |x| < 2.

Example
X3 ; .
Express 51 as the sum of power series. One has:

X 1 s (D" ()
2+ x e X2 g X :nz on-z *

1. 1, 15 1 4
2 4 8 16




Differentiation and Integration of Power Series

Theorem

In the power series Y cy(x — a)" has radius of convergence
R > 0 then the function defined by

= i cn(x — a)”
n=0

is differentiable (hence, continuous) on (a— R,a+ R) and

» f/(x) = ¢ +2¢(x—a)+3c3(x—a)?+- ch,,x a)" !

> /f(x dx:C+co(x—a)+c1( —2a) +02(X_33) 4=
n+1
C+chx 4)

The radii of convergence of the powers series are both R.



In other terms, under the conditions of the Theorem,
d | = d
= [2 on(x a)"] = > lonx—a)T
n=0 n=0
/ [Z Calx — a)”] dx = Z/c,,(x ~ a)" dx
n=0 n=0

Example
Express 1/(1 — x)? as the sum of power series. We have:

1
— 14+ x+x24+x8 Zx

1 1 ! >
= _— :1 2 2 e — n—1
(1 = x? <1_X) +2x + 3x° + ;nx

The radius of convergence is R = 1.




Example
Find a power series representation for In(1 + x). One has:

In(14+x) = 1(':]’:()(_/(1—x—|—x2—x3—i—-~~)dx
x2 x® x*
= X—?+§—Z+"'+C
- Y-t sc

n=1

To find C we put x = 0 into the above equation:
In(1 4+ 0) = C = 0. Hence,

[e.e]

In(1+x) =) (1)

n=1

!
n

The radius of convergence is R = 1.



Example
Find a power series representation for tan~' x. One has:

dx
3 5 7
X X X
= CHX—F+F7— %+

3 5 6

To determine C we plug in x = 0: C = tan—"(0) = 0. Therefore,

0 2n+1
I g X
tan™' x = ,,E_o( 1) on 1

The radius of convergence is R = 1.



Example

Evaluate [[1/(1+ x”)] dx as the sum of power series.
Approximate foo'5[1/(1 + x7)] dx correct to within 10~7.

1
1+ x7

/ ax
14+ x7

n=0
_ /i(—1)”x7” dx = C+ i(—n
n=0 n=0

Z(_.I)nX?n: 1 —X7+X14+"'

X8 X15 X22
C+X*§+ﬁ+§+‘”

ML AT G
g ' 15 ' 22 5

7n+1
n X

7n+1



Therefore,

/05 LS B S R B
o 1+x7 2 8.28 " 15.215 22.22

If we take the first n = 3 terms of this alternating sum, the
approximation error will be less than a; = 5552 ~ 6.4 - 10711

Finally, we get

/0-5 ax 11 1 1
0

1 _ ~ 0.49951374
T x7 ©2 §.28 " 15.275  2a.pz2 ~ 0499513




11.10 Taylor and Maclaurin Series

Theorem
If a function f has a power series representation at a, i.e.

f(x) = i cn(x — a)” x—al <R
n=0

then
f("(a)

n!

Cn:

In other terms, Taylor series of f at ais
(n

> f(n)
i) = 25 By

=0

>

f”(a)
2!

f///(a)

(x—a)’ + —;

(x—a)+

If a =0 then Taylor series becomes Maclaurin series.

(x—a)P+---



Proof.
By setting x = ain the power series for f we get ¢y = f(a).

f(x)=cy+ci(x—a)+c(x—a?+c(x—a+---
Differentiating the last equation we derive
f'(x) = ¢1 +2cp(x — @) + 3ca(x — a)® + 4ca(x —a)® + - -
By setting x = a we obtain ¢y = f'(a) = f'(a)/1!.
f'(x) =2c, +3-2c3(x —a) +4-3cy(x —a)® +---

Setting x = awe get f’(a) = 2¢,, so ¢, = (a)/2 = f"(a)/2!.
Similarly,

fM(x) = n(n—1)(n—2) - - - 2cp+(n+1)n(n—1) - - - 3Cpyq (x—a)+- - -
Setting x = a we get

f(N)(a) = nlc,



Example

Find Maclaurin series for € and its radius of convergence. We
get f(M(x) = e, so f(M(0) = 1. Hence,

> f(”)(O) =, X"
X __ n __
= X =D
n=0 n=0
Since y
I
an (n+1)! x| n+1

the series converges for all x. But we are not done yet and
need to show that ¥ does admit the power series repres. For
that we examine the n-th degree Taylor polynomial
N
() .
Tn(x) = Z T(X - a)’
i=0

and prove that for the remainder of the Taylor series
Rn(x) = f(x) — Th(x) it holds: lim,_o Rn(x) = 0.



Theorem
If f(x) = Th(x) + Rn(x) andlimp_,o Bn(x) =0 for |x —a| < R
then f is equal to the sum of its Taylor series on that interval.

Theorem
IfF|F(M1)(x)] < M for |x — a| < d then

M
|Rn(x)|§m|x—a\n+1 for |[X—a <d

For f(x) = & one has |f("1)(x)| = ¥ < e for |x| < d. So,

[Rn(x)| <

ST fr Xisd

Since lim,_, - x"/n! = 0 (follows from convergency of the power
series for ), we get Ry(x) — 0 as n — oc.



Example

Find the Maclaurin series for sin x and prove that it represents
sin x for all x. We get:

f(x) = sinx f(0)=0
f'(x) = cosx f(0) =1
f’(x) = —sinx f’(0) = O
f”’(x) —COS X f7(0) =
#)(x) = sinx f4)(0) = 0
Therefore, the Maclaurin series becomes
o), , '(0) .o f"(0) 3
f(0) + TR T 3 XT
B3 x5 X7 o0 X2t
= gte w2 Gy

Since (™) (x) = £ sinx or £ cos x, | (™ (x)| < 1, so
Rn(x) < [x™1/(n+1)! — 0as n — oo.



Example
Find the Maclaurin series for cos x.

= d(sinx)—i X—X—3+X—5—X—7+
COSX = T x 3 B 7
o 3x2  5x*  7x8
R
X2 x4 x5 00 o x2n
R IR R SN CT!

Example
Find the Maclaurin series for f(x) = x cos x. One has

X2n 0 X2n+1

X COS X = an:%(_”n(z”)! = nZ::O(_1)n @)




Example
Find the Taylor series for & at a = 2. Since f(")(2) = €® we get

[ 0o 2
eX:§:7ﬁw—2W:§:%ﬁx—$”

n=1 n=1

Example
Find the Maclaurin series for f(x) = (1 + x), where k is real.

(x) = (1 + k)~ (0) =1
f'(x)=k(1+ x)k*1 f(0) =k
f'(x)=k(k—1)1+ x)"‘2 f"(0) = k(k — 1)

f'(x) =k(k—1)(k—2)(1 + x)"‘3 f"(0) = k(k —1)(k — 2)
In general,

f(x) = k(k—=1)---(k—n+1)(1+x)<"
M(0) = k(k—1)---(k—n+1)



This way we obtain

. +X)k:ik(k_1)-.r.”(k—n+1)xn

n=0

This series is called binomial series. If k is integer, then the
sum is finite. For the convergency one has

an1|  |k(k—1)---(k—n+1)(k — n)x"*!
an | (n+1)!
n!
k(k—1)---(k—nt1)x
k—nl . _ 17
= M = DTl x| asn o oo
n+1 14k

n

Hence, the binomial series converges for |x| < 1 and diverges
for |x| > 1



Traditional notation for binomial coefficients is

K\  k(k—1)(k—2)---(k—n+1)
(2)-

n nl

This way we established the Binomial Series Theorem:

Theorem
If k is any real number and |x| < 1, then

(1+x)f= i <ﬁ> x"

n=0

The binomial series converges at x = 1if —1 < k <0 and at
x = +1if k > 0. If k is a positive integer, then the sum is finite,
hence always convergent.



Example

Find the Maclaurin series for the function f(x) = 41_X. We
rewrite the function as follows:
1T 1 B 1 _1<1 x)—1/2
VASX \Ja-p 2f1-g 2
One has:
1 1 -2 13 X\
— = 2(-3) zz<n)(‘4)

4

"(—%—”+1)< X)”

For the convergence it must hold | — x/4| < 1, s0 R = 4.



Example
Evaluate [ e** dx as infinite series. One has:

2n

< 2\n 9
efxzzz( ,);I) :Z(_.I)n%

n=0 ' n=0

Integrating term by term we obtain:

2 4 6 2n
/e—xzdx _ /(1_X+X_X_|_..._|_(_1)”);I_|_...)dx

1! 21 3!
X3 X5 N X2n+1
Ctx—gaitsat T e T

’
The series allows to evaluate e~ dx correct to 0.001 by

0
taking just its 5 first terms, since for the error term one has:
Rs =1/(11-5!) < 0.001.



Example

., ef—1—x :
Evaluate lim ————. One could apply I'Hospital’s rule, but
x—0 X

we can also use series instead:

X x2 | X
e —1-x . (1+ﬂ+§+§'“)—1—x
|Im72 = |lim 5
x—0 X x—0 X

X2 x4
— lim 2 ik + at
X—0 x2




Multiplication and Division of Power Series
If power series are added, subtracted, multiplied or divided,
they behave as polynomials.

Example
Find the first three terms in the Maclaurin series for ¥ sin x:

o _ (1. X x? X3 x3
e sinx = —|—ﬁ—|—§—|—§+... X_ﬁ—i_.”
3
Example

Same question as above for tan x:

. 3 5
sinx  X— g+

cosx -4

tanx =

2P|

1 2
= x+=-x3+—-x°

3¢ T T



11.11 Applications of Taylor Polynomials
The idea is to replace a function with its Taylor polynomial of
n-th degree. The main question is how to choose n to achieve
the desired accuracy. The answer to this question is based on
estimating the remainder

[Rn(X)] = [f(x) — Ta(x)]

The general methods are as follows:

o0

» For alternating series Z(—1 )" "b,x" use Alternating

n=0
Series Estimation Theorem: if {|b,|} — 0 monotonically as
n — oo then
|Rn(X)| < bnst|x — ™!

» In all cases use Taylor’s inequality: if | f(™+")(x)| < M then

|Rn(X) [x —a™"

|§L
(n+1)!



Example
What is the maximum error by using the approximation
L x3  x°
sinx ~ x — 3 + B
for |x| < 0.3?
Since the Maclaurin series for sin x
o x3 x5 X
S|nx_x—§+§—ﬁ+---
is alternating, we can use the Alternating Series Estimation
Theorem. For the approximation error we have
X7 X7

< — =
1A = 21" = 5040

For |x| < 0.3 the approximation error does not exceed
4.3 x 1078, In this case the same estimate can be done by
using the Taylor’s inequality.



Example

What is the accuracy of approximation of f(x) = ¥/x by its
Taylor polynomial of degree 2 ata=8for 7 < x <8 ? One has

(x) = x1/3 f(8) =2
F(x) = 1x-2/% F(8) = -
f”(X) _gX75/3 ! 8) _114
f’”(X) — %X—S/S

So, the second degree Taylor polynomial for f(x) is

Ta(x) = 2+l(x 8) —

12 58X 8

288

The Taylor series for ¥/x is not alternating for x < 8. But since
f"(x) < M= 27 78/3 < 0.0021 for x > 7 we get

0.0021
3!

|Rg(x )|<M -82 < .17 — 83 < 0.0004

31



Example

In Einstein’s theory of special relativity the mass of an object
moving with velocity v is

Mo
V1=v2/c?
where my is the mass of the object at rest and c is the speed of
light. The kinetic energy is defined by K = mc® — myc?. Show

that for v < c this expression agrees with the classical
Newtonian physics: K = mgv?/2.

We rewrite the formula for energy as follows:

m v2\ /2
K=——2__ — myc®=myc? [(1—) —1]

NI

Denote x = —v?/¢? and notice that |x| < 1.



a1 L DR (DD

_ 1,32 3.3
= 1 §x+gx ﬁx+

The formula for kinetic energy becomes

1vZd 3v* 58

2

_ _ e ) =1

K mpC {<1+202+804+1606+ ) }
1vZd 3v4 58 )

_ 2(_ Y Y7 4 27
= MaC <202+8c4+1606

12 1
moc? (Z) = Emovz

Q

Since K”(x) = 3myc?(1 + x)~%/2, for velocities v < 100m/s and
¢ = 3 x 108m/s the approximation error does not exceed
IR1(X)| < Mx <417 x 107 1°my.
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